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1. INTRODUCTION 

Suppose that a countable group G acts freely and ergodically on the standard probabil- 
ity space (X, /i) preserving the probability measure fi. We are interested in several types 
of 'isomorphisms' between such actions. Two actions are said to be 

(1) conjugate if there exists a group isomorphism and a measure space isomorphism 
satisfying the obvious conjugacy formula; 

(2) orbit equivalent if there exists a measure space isomorphism sending orbits to 
orbits, i.e. the equivalence relations given by the orbits are isomorphic; 

(3) von Neumann equivalent if the crossed product von Neumann algebras are isomor- 
phic. 



961-02 



Note that the crossed product construction has been introduced by Murray and von 
Neumann [H], who called it the group measure space construction. 

It is clear that conjugacy of two actions implies orbit equivalence. Since the crossed 
product von Neumann algebra can be defined directly from the equivalence relation given 
by the orbits, orbit equivalence implies von Neumann equivalence. Rigidity results provide 
the converse implications for certain actions of certain groups. This is a highly non-trivial 
matter. Dye [T71 ITH] proved that all free ergodic measure preserving actions of groups with 
polynomial growth on the standard probability space are orbit equivalent. This result was 
extended to all amenable groups by Ornstein and Weiss Finally, Connes, Feldman and 
Weiss showed that every ergodic amenable probability measure preserving countable 
equivalence relation is generated by a free Z-action and is hence unique. Summarizing, 
for amenable group actions all information on the group, except its amenability, gets lost 
in the passage to the equivalence relation. 

Concerning the relation between orbit equivalence and von Neumann equivalence, it was 
noted by Feldman and Moore [20] that the pair L°°{X, /i) C L°°{X, /i) x G remembers the 
equivalence relation. The abelian subalgebra L°°{X,fi) is a so-called Cartan subalgebra. 
So, in order to deduce orbit equivalence from von Neumann equivalence, we need certain 
uniqueness results for Cartan subalgebras, which is an extremely hard problem. Connes 
and Jones ^2] gave the first examples of non orbit equivalent, yet von Neumann equivalent 
actions. 

In this talk, we discuss Popa's recent breakthrough rigidity results for Bernoulli ac- 
tions^ of Kazhdan groups. These results open a new era in von Neumann algebra theory, 
with striking applications in ergodic theory. The heart of Popa's work is his deforma- 
tion/rigidity strategy: he discovered families of von Neumann algebras with a rigid sub- 
algebra but yet with just enough deformation properties in order for the rigid part to be 
uniquely determined inside the ambient algebra (up to unitary conjugacy). This leads to 
far reaching classification results for these families of von Neumann algebras. Popa con- 
sidered the deformation/rigidity strategy for the first time in [221 ■ In [SB]; he used it to 
deduce orbit equivalence from mere von Neumann equivalence between certain group ac- 
tions and to give the first examples of IIi factors with trivial fundamental group, through 
an application of Gaboriau's i'^ Betti numbers of equivalence relations |2S1- Deforma- 
tion/rigidity arguments are again the crucial ingredient in the papers |1H1 IIHI EUl IS] that 
we discuss in this talk and they are applied in j^H], in the study of amalgamated free 
products. These ideas may lead to many more applications in von Neumann algebra and 
ergodic theory (see e.g. the new papers |2S1EH1 written since this talk was given). 

^The crossed product von Neumann algebra L°°{X, /i) x G contains a copy of L°°{X, ji) and a copy of 
the group G by unitary elements in the algebra, and the commutation relations between both are given 
by the action of G on {X, /i) . 

^Every discrete group G acts on {X,ijl) = T\g(zG{XQT ^J■o), by shifting the Cartesian product. Here 
(Xo,/io) is the standard non-atomic probability space and the action is called the Bernoulli action of G. 
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In the papers discussed in this talk, the rigidity comes from the group side and is 
given by Kazhdan's property (T) IHE] and more generally, by the relative property 
(T) of Kazhdan-Margulis (see [IS] and Valette's Bourbaki seminar for details): the 
groups dealt with, contain an infinite normal subgroup with the relative property (T) 
and are called w -rigid groups. Popa discovered a strong deformation property shared 
by the Bernoulli actions, and called it malleability. In a sense, a Bernoulli action can 
be continuously deformed until it becomes orthogonal to its initial position. In order 
to exploit the tension between the deformation of the action and the rigidity of the 
group, yet another technique comes in. Using bimodules (Connes' correspondences), Popa 
developed a very strong method to prove that two subalgebras of a von Neumann algebra 
are unitarily conjugate. Note that he used this bimodule technique in many different 
settings, see (23 ESI il Ei E3 El • 

The following are the two main results of |^Hm iHUj and are discussed below. The orbit 
equivalence superrigidity theorem states that the equivalence relation given by the orbits 
of a Bernoulli action of a w-rigid group, entirely remembers the group and the action. 
The von Neumann strong rigidity theorem roughly says that whenever a Bernoulli action 
is von Neumann equivalent with a free ergodic action of a ly-rigid group, the actions are 
actually conjugate. It is the first theorem in the literature deducing conjugacy of actions 
out of von Neumann equivalence. The methods and ideas behind these far reaching results 
are fundamentally operator algebraic and yield striking theorems in ergodic theory. 

Some important conventions 

All probability spaces in this talk are standard Borel spaces. All actions of countable 
groups G on (X, /x) are supposed to preserve the probability measure /x. All statements 
about elements of (X, fi) only hold almost everywhere. A w-rigid group is a countable 
group that admits an infinite normal subgroup with the relative property (T). 

Orbit equivalence superrigidity 

In PS|, the deformation/rigidity technique leads to the following orbit equivalence su- 
perrigidity theorem. 

Theorem (Theorem I4.4|l . — Let G r\ (X, yu) be the Bernoulli action of a w-rigid group 
G as above. Suppose that G does not have finite normal subgroups. If the restriction to 
Y G X of the equivalence relation given by G r\ X is given by the orbits ofVrxY for 
some group T acting freely and ergodically on Y , then, up to measure zero, Y = X and 
the actions of G and T are conjugate through a group isomorphism. 

The theorem implies as well that the restriction to a Borel set of measure < /i(V) < 1, 
of the Bernoulli action of a w-rigid group G without finite normal subgroups, yields 
an ergodic probability measure preserving countable equivalence relation that cannot be 
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generated by a free action of a group. The first examples of this phenomenon - answering a 
question of Feldman and Moore - were given by Furman in |22] • Dropping the ergodicity, 
examples were given before by Adams in who also provides examples in the Borel 
setting. 

Popa proves the orbit equivalence superrigidity for the Bernoulli action of G on X using 
his even stronger cocycle superrigidity theorem: any 1-cocycle for the action G X with 
values in a discrete group F is cohomologous to a homomorphism of G to F. The origin 
of orbit equivalence rigidity and cocycle rigidity theory lies in Zimmer's pioneering work. 
Zimmer proved in [OH] his celebrated cocycle rigidity theorem and used it to obtain the first 
orbit equivalence rigidity results (see Section 5.2 in [Eni)- Since Zimmer's theorem deals 
with cocycles taking values in linear groups, he obtains orbit equivalence rigidity results 
where both groups are assumed to be linear (see [HZl)- Furman developed in [211 122] a 
new technique and obtains an orbit equivalence superrigidity theorem with quite general 
ergodic actions of higher rank lattices on one side and an arbitrary free ergodic action on 
the other side. Note however that Furman's theorem nevertheless depends on Zimmer's 
cocycle rigidity theorem. We also mention the orbit equivalence superrigidity theorems 
obtained by Monod and Shalom [311 for certain actions of direct products of hyperbolic 
groups. An excellent overview of orbit equivalence rigidity theory can be found in Shalom's 
survey |HT] . 

Zimmer's cocycle rigidity theorem was a deep generalization of Margulis' seminal super- 
rigidity theory [3Zj . In particular, the mathematics behind involve the theory of algebraic 
groups and their lattices. On the other hand, Popa's technique to deal with 1-cocycles 
for Bernoulli actions is intrinsically operator algebraic. 

As stated above, Popa uses his powerful deformation/rigidity strategy to prove the 
cocycle superrigidity theorem. Leaving aside several delicate passages, the argument goes 
as follows. A 1-cocycle 7 for the Bernoulli action G r\ X of a w-rigid group G, can 
be interpreted in two ways as a 1-cocycle for the diagonal action G rv X x X, either 
as 7i, only depending on the first variable, either as 72, only depending on the second 
variable. The malleability of the Bernoulli action (this is the deformation property) yields 
a continuous path joining 71 to 72. The relative property (T) implies that, in cohomology, 
the 1-cocycle remains essentially constant along the continuous path. This yields 71 = 72 
in cohomology and the weak mixing property allows to conclude that 7 is cohomologous 
to a homomorphism. 

Let ((jg) be the Bernoulli action of a w-rigid group G on (X, /i). Popa's cocycle su- 
perrigidity theorem covers his previous result EZj identifying the 1-cohomology group 
H^{a) with the character group CharG. This result allows to compute as well the 1- 
cohomology for quotients of Bernoulli actions, yielding the following result of jHI] . 
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Theorem (Theorem 15. — Let G be a w-rigid group. Then, G admits a continuous 
family of non stabl]/ orbit equivalent actions. 

Note that Popa does not only prove an existence resuh, but exphcitly exhibits a con- 
tinuous family of mutually non orbit equivalent actions. The existence of a continuum of 
non orbit equivalent actions of an infinite property (T) group had been established before 
in a non-constructive way by Hjorth [27j, who exhibits a continuous family of actions 
such that every action in the family is orbit equivalent to at most countably many other 
actions of the family. 

Finally note that the first concrete computations of 1-cohomology for ergodic group 
actions are due to Moore jlOj and Gefter |2l] . 

Von Neumann strong rigidity 

The culmination of Popa's work on Bernoulli actions is the following von Neumann 
strong rigidity theorem of jSU]; it is the first theorem in the literature that deduces con- 
jugacy of the actions from isomorphism of the crossed product von Neumann algebras. 

Theorem f Theorem 19. — Let G be a group with infinite conjugacy classes and G r\ 
{X, /i) its Bernoulli action as above. Let T be a w-rigid group that acts freely and ergodi- 
cally on {Y, rf) . If 

e : X r ^ p{l^{x) x g)p 

is a * -isomorphism for some projection p G L°°{X) xi G, then p = 1, the groups T and G 
are isomorphic and the actions of T and G are conjugate through this isomorphism. 

Note that in the conditions of the theorem, there is an assumption on the action on one 
side and an assumption on the group on the other side. As such, it is not a superrigidity 
theorem: one would like to obtain the same conclusion for any free ergodic action of any 
group r and for the Bernoulli action of a w-rigid ICC group G. 

Another type of von Neumann rigidity has been obtained by Popa in j^Sl IM] , deducing 
orbit equivalence from von Neumann equivalence. We just state the following particular 
case. Consider the usual action of SL(2, Z) on T^. Whenever a free and ergodic action of a 
group F with the Haagerup property is von Neumann equivalent with the SL(2, Z) action 
on T^, it actually is orbit equivalent with the latter. One should not hope to deduce a 
strong rigidity result yielding conjugacy of the actions: Monod and Shalom ([SH], Theorem 
2.27) proved that any free ergodic action of the free group F„ is orbit equivalent with free 
ergodic actions of a continuum of non-isomorphic groups. Note that this also follows from 
Dye's result [T71 HH] if we assume that every generator of F„ acts ergodically. 



^See Definition Ol 
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III factors and their fundamental group 

Let G act freely and ergodically on (X, /x). Freeness and ergodicity imply that the 
crossed product von Neumann algebra M := L°°(X, /i) x G is a factor (the center of the 
algebra M is reduced to the scalars) and the invariant probability measure yields a finite 
trace on M. Altogether, we get that M is a so-called type IIi factor. 

Another class of lli factors arises as follows: for any countable group G, one considers 
the von Neumann algebra C{G) generated by the left translation operators on the Hilbert 
space i'^{G). The algebra C{G) always admits a finite trace and it is a factor if and only 
if G has infinite conjugacy classes (ICC). 

Let M be a lli factor with normalized trace r. The fundamental group of M, introduced 
by Murray and von Neumann is the subgroup of generated by the numbers t{p), 
where p runs through the projections of M satisfying M = pMp. Murray and von 
Neumann showed in |S21 that the fundamental group of the hyperfinite^ IIi factor is M^. 
They also write that there is no reason to believe that the fundamental group of every 
III factor is M^. However, only forty years later, this intuition was proved to be correct, 
in a breakthrough paper of Connes [Zj. Connes shows that the fundamental group of 
jC{G) is at most countable when G is an ICC group with Kazhdan's property (T). This 
can be considered as the first rigidity type result in the theory of von Neumann algebras. 
It was later refined by Golodets and Nessonov fIE\ to obtain IIi factors with countable 
fundamental group containing a prescribed countable subgroup of M.'^. However, until 
Popa's breakthroughs in [IHl EHl no precise computation of a fundamental group 
different from had been obtained. 

Note in passing that Voiculescu proved in [65J that the fundamental group of £(Foo) 
contains the positive rationals and that it was shown to be the whole of M!J_ by Radulescu 
in [Sn]. On the other hand, computation of the fundamental group of i2(F„) is equivalent 
with deciding on the (non)-isomorphism of the free group factors (see I60j). which is 
a famous open problem in the subject. 

Specializing the problem of Murray and von Neumann, Kadison [33] posed the following 
question: does there exist a Hi factor M not isomorphic to M2(C) ® M? This question 
was answered affirmatively by Popa in jHSI, who showed that, among other examples, 
C{G) has trivial fundamental group when G = SL(2,Z) k Z^. For a more elementary 
treatment of this example, see Note that Popa shows in [22] that the fundamental 
group of C{G) = SL(2,Z) x L°°(T^) equals the fundamental group of the equivalence 
relation given by the orbits of SL(2, Z) r\ T^. The latter reduces to 1 using Gaboriau's i"^ 
Betti number invariants for equivalence relations, see |23J. We also refer to the Bourbaki 
seminar by Connes P| on this part of Popa's oeuvre. 



^The hyperfinite IIi factor is, up to isomorphism, the unique IIi factor that contains an increasing 
sequence of matrix algebras with weakly dense union. 
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In |ini, Popa goes much further and constructs IIi factors with an arbitrary countable 
fundamental group! 

Theorem f Theorem 17. Ij) . — Given a countable subgroup S C R!J_ and a w-rigid ICC 
group G with C{G) having trivial fundamental group, there exists an action of G on 
the hyperfinite IIi- factor IZ such that the crossed product TZ y\ G is a IIi factor with 
fundamental group S. 

The example par excellence of a group G satisfying the conditions of the theorem, 
is G = SL(2,Z) X 7?. Other examples include F k Z^, where F is any non-amenable 
subgroup of SL(2, Z) acting on I? by its given embedding in SL(2, Z). Again, Popa does 
not establish a mere existence result: the actions considered are the so-called Connes- 
St0rmer Bernoulli actions (see [13] and Section El below). 

Some comments on proving von Neumann strong rigidity 

We explain how an isomorphism of crossed products forces, in certain cases, actions to 
be conjugate. 

In a first step, using the deformation /rigidity strategy, Popa [IH] shows the following 
result. Suppose that G r\ (X,^) is the Bernoulli action of an infinite group G and 
consider the crossed product L°°{X, fi) x G. It is shown (see Theorem 16 . 31 below) that any 
subalgebra of L°°{X,fi) x G with the relative property (T) can essentially be unitarily 
conjugated into C{G). Again leaving aside several delicate passages, the argument goes as 
follows. A subalgebra Q C L°°{X,fi) x G with the relative property (T) is viewed in two 
ways as a subalgebra of L°°{X x X, /i x /i) x G, where G acts diagonally: Qi only living on 
the first variable of X x X and Q2 only living on the second one. The malleability of the 
Bernoulli action implies that the subalgebras Qi and Q2 are joined by a continuous path 
of subalgebras Qt- The relative property (T) then ensures that Qi and Q2 are essentially 
unitarily conjugate. The mixing of the action is used to deduce that Q can essentially be 
conjugated into C{G). 

Note in passing that above result remains true when the 'commutative' Bernoulli action 
is replaced by a 'non-commutative' Connes-St0rmer Bernoulli action, which is the crucial 
ingredient to produce IIi factors with prescribed countable fundamental groups. 

Given an isomorphism 6 : L°^{Y) x F — > L°°(X) x G, where G r> X is the Bernoulli 
action and the group F is ty-rigid, the previous paragraph implies that sends C{V) into 
£(G), after conjugating by a unitary in the crossed product. Using very precise analytic 
arguments, Popa [SU] succeeds in proving next that also the Cartan subalgebras L°°{Y) 
and L°°{X) can be conjugated into each other with a unitary in the crossed product 
(see Theorem 18.21 below). Having at hand this orbit equivalence and knowing that the 
group von Neumann algebras can be conjugated into each other, Popa manages to prove 
conjugacy of the actions. 
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An important remark should be made here. The results on Bernoulli actions discussed 
up to now, use the deformation property called strong malleability combined with the 
mixing property of the action. So, they are valid for all strongly malleable mixing actions. 
The result on the conjugation of the Cartan subalgebras however, uses a much stronger 
mixing property of Bernoulli actions, called the clustering property, which roughly means 
that the Bernoulli action allows for a natural tail. Note in this respect the following 
conjecture of Neshveyev and St0rmer jl^j: suppose that the abelian countable groups G 
and r act freely and weakly mixingly on the standard probability space and that they 
give rise to isomorphic crossed products where the isomorphism sends C{G) onto C(T); 
then, the Cartan subalgebras are conjugate with a unitary in the crossed product^. 

Outer conjugacy of actions on the hyperfinite IIi factor 

The deformation/rigidity technique first appeared^ in Popa's paper [221 on the compu- 
tation of several invariants for (cocycle) actions of w-rigid groups on the hyperfinite IIi 
factor. In fact, many ideas exploited in the papers jlHl EHl EOl EH EZl are already present 
to some extent in the breakthrough paper fS^. 

Recall that two actions (ag) and (pg) of a group G on a factor are said to be outer 
conjugate if there exists an isomorphism A such that the conjugate automorphism Aa^A^^ 
equals Pg up to an inner automorphism. 

The classification up to outer conjugacy of actions of a group G on, say, the hyperfinite 
III factor is an important subject. This classification has been completed, first for cyclic 
groups by Connes E] , for finite groups by Jones jHI] and finally, for amenable groups 
by Ocneanu jj^: any two outer'' actions of an amenable group G on the hyperfinite IIi 
factor are outer conjugate (even cocycle conjugate). 

Away from amenable groups, Jones proved in [32] that any non-amenable group admits 
at least two non outer conjugate actions on the hyperfinite IIi factor. Apart from actions, 
one also studies cocycle actions of a group G on a factor A^: families of automorphisms 
(c"g)geG such that agCTh = CTgh modulo an inner automorphism Adug^h, where the unitaries 
Ug^h satisfy a 2-cocycle relation. 

In the previously cited works on amenable group actions, it is shown as well that any 
cocycle action of an amenable group on the hyperfinite IIi factor is outer conjugate to 
a genuine action. Popa generalized this result to arbitrary IIi factors in [S3]. In 

^It is crucial to have conjugation of the Cartan subalgebras through a unitary in the crossed product, 
which is the hyperfinite IIi factor. Indeed, thanks to the work of Connes, Feldman and Weiss ^U], two 
Cartan subalgebras are always conjugate with an automorphism of the hyperfinite IIi factor. But, there 
exist continuously many non inner conjugate Cartan subalgebras. 

^The paper [S^ circulated since 2001 as a preprint of the MSRI and is the precursor of the papers 

mUmEniEIlEZI discussed above. 

^An outer action is an action (tTg) such that for g ^ e, ag is an outer automorphism, i.e. not of the 
form Ad u for a unitary u in the von Neumann algebra. 
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Connes and Jones constructed, for any infinite property (T) group G, examples of cocycle 
actions of G on the free group factor £(Foo) that are non outer conjugate to a genuine 
action. 

This brings us to the topic of [221 • Popa introduces two outer conjugacy invariants 
for a (cocycle) action on a IIi factor: the fundamental group and the spectrum. These 
invariants are computed in [22] for the Connes-St0rmer Bernoulli actions, yielding the 
following theorem. 

Theorem (Theorems 110. HI and 110. f)]) . — Let G he a w-rigid group. Then G admits a 
continuous family of non outer conjugate actions on the hyperfinite IIi factor. Also, G 
admits a continuous family of cocycle actions on the hyperfinite IIi factor that are non 
outer conjugate to a genuine action. 

Further remarks 

We discussed in detail how Popa recovers information on a group action from the 
crossed product algebra L°°{X,fi) x G. On the other hand, to what extent a group von 
Neumann algebra C{G) remembers the group G? Very little is known on this problem. 
Connes' celebrated theorem ^ states that all the IIi factors C{G) defined by amenable 
ICC groups G are isomorphic to the hyperfinite IIi factor. Indeed, they are all injective^ 
and Connes shows in the uniqueness of the injective IIi factor. Cowling and Haagerup 
have shown that the group von Neumann algebras >C(r) are non-isomorphic if one 
takes lattices F in Sp(l, ra) for different values of n. 

Some group von Neumann algebras C{G) can we written as well as the crossed prod- 
uct by a free ergodic action (but not all, since Voiculescu [HI] showed that the free 
group factors cannot be written in this way). We have for instance £(SL(n,Z) k Z") = 
L°°(T") XI SL(n,Z). Another example consists in writing the Bernoulli action crossed 
product L°°(X, /i) X G as CCZlG), where the wreath product group Z ^ G is defined as 
the semidirect product Z I G := (©^gc^) ^ Pop^-'s von Neumann strong rigidity 
theorem then implies the following result. It can be considered as a relative version of 
Connes' conjecture jH], which states that within the class of ICC property (T) groups, 
C{Gi) = C{G2) if and only if Gi = G2. Popa's result 'embeds injectively' the category of 
w-rigid ICC groups into the category of lli factors. 

Corollary. — When G and T are w-rigid ICC groups, £(Z I G) = £(Z I F) if and only 
if G = F. Moreover, C^El G) has trivial fundamental group for any w-rigid ICC group 
G. 

factor M C B(iJ) is called injective if there exists a conditional expectation of B(i7) onto M (which 
of course need not be weakly continuous). A conditional expectation of a von Neumann M onto a von 
Neumann subalgebra iV is a unital, positive, A^-A^-bimodule map E : M ^ N . 
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Popa's von Neumann strong rigidity theorem is in fact more precise than the version 
stated above. As we shall see in Theorem 19. II below, the strong rigidity theorem allows as 
well to compute the group Out M of outer automorphisms of M = L°°(X, /x) x G, where 
G is a w-rigid ICC group and G r\ (X, /i) its Bernoulli action. Then, 

OutM = CharGx ^^^^^^'^\ 

where Aut*(X, G) is the group of measure space isomorphisms A : X ^ X for which 
there exists a 5 G Aut G such that ^{g ■ x) = 6{g) ■ A{x) almost everywhere. Writing 
Ag(x) = g ■ X, one embeds G ^ Aut*(X, G). Note moreover that Aut*(X, G) obviously 
contains another copy of G acting by Bernoulli shifts 'on the other side'. 

In [29j, loana, Peterson and Popa apply the strategy of deformation/rigidity in the 
completely different context of amalgamated free products, yielding the first examples 
of III factors with trivial outer automorphism group. Much more is done in [21], where 
actually a von Neumann version of Bass-Serre theory is developed. 
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2. PRELIMINARIES AND CONVENTIONS 

Von Neumann algebras, traces, almost periodic states and group actions 

Throughout M, X, A/", A, ^ denote von Neumann algebras. Recall that a von Neu- 
mann algebra is a non-commutative generalization of a measure space, the algebras 
L°°(X, yu) being the abelian examples. By definition, a von Neumann algebra is a weakly 
closed unital *-subalgebra of B(if) for some Hilbert space H. Whenever M. C B(if) 
is a von Neumann algebra, the commutant of M. is denoted by A^' and consists of the 
operators in B(if) commuting with all the operators in M.. Von Neumann's bicommu- 
tant theorem states that A4" = M. and this equality characterizes von Neumann algebras 
among the unital *-subalgebras of B(if). A factor is a von Neumann algebra with trivial 
center, i.e. Mr}M' = CI. 

A state on a von Neumann algebra is a positive linear map A^ ^ C satisfying ci;(l) = 1. 
All states are assumed to be normal, i.e. continuous with respect to the ultraweak topology 
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on Ai (which is equivalent with requiring weak continuity on the unit ball of Ai). Hence, 
normal states are the counterparts of probability measures on (X, /i) absolutely continuous 
with respect to fi. A state u is said to be tracial if uj{xy) = uj{yx) for all x,y. A state is 
said to be faithful if the equality u!{x) = for x positive implies that x = 0. States are 
always assumed to be faithful. 

The algebras denoted M, N, A are supposed to admit a faithful normal trace and if we 
specify a state on M, or A, it is always supposed to be a trace. The terminology finite 
von Neumann algebra {N, r) means a von Neumann algebra N with a faithful normal 
trace r. 

An action of a countable group on {Ai, ip) is understood to be an action by automor- 
phisms leaving the state ip invariant. We denote by (X, fi) the standard probability space 
without atoms and an action of a countable group on (X, /i) is supposed to preserve the 
probability measure /i. 

If G acts on [At, ip) by automorphisms (erg), Ai" denotes the von Neumann subalgebra 
of elements x & Ai satisfying (yg{x) = x for all g E G. The action (cxg) is said to be ergodic 
ifM" = CI. 

If (y9 is a faithful normal state on Al, we consider the centralizer algebra Ai"^ oi ip 
consisting of those x & Ai satisfying ip{xy) = ip{yx) for all y. More generally, for a real 
number A > 0, a X-eigenvector for ip is an element x & Ai satisfying ip{xy) = \ip{yx) for 
dX\ y E Ai. We say that ip is almost periodic (or that {Ai,ip) is almost periodic), if the 
A-eigenvectors span a weakly dense subalgebra of Ai when A runs through M^. If this is 
the case, Sp(A^, ip) denotes the point spectrum of ip, i.e. the set of A > for which there 
exists a non-zero A-eigenvector. 

A finite von Neumann algebra (P, r) is said to be diffuse if P does not contain a minimal 
projection. A finite (P, r) is diffuse if and only if P contains a sequence of unitaries tending 
weakly to zero. Equivalently, P does not have a direct summand that is a matrix algebra. 
For instance, the group von Neumann algebra C-{G) (see pagelHlfor its definition) is diffuse 
for any infinite group G. 

Crossed products 

Whenever a countable group G acts by (^-preserving automorphisms (cr^) on (A^, ip), we 
denote by x G the crossed product, generated by the elements a E Ai. and the unitaries 
{Ug)g^G such that UgOU* = CTg{a) for all a G and g E G. We have a natural conditional 
expectation (see footnote on pagelHl) given hj E : Ai >i G ^ Ai : E{aUg) = Sg^eO- and we 
extend to a faithful normal state on Ai x G by the formula ip o E. If 9? is tracial, its 
extension is tracial. 

The crossed product M is a factor (hence, a type IIi factor) in the following (non- 
exhaustive) list of examples. If A C M is an inclusion of von Neumann algebras, we 
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denote hj M (1 A' the relative commutant consisting of elements in M commuting with 
all elements of A. 

• Suppose that G acts (essentially) freely on (X, fi) and put M = L°°{X) x G. Then, 
M n L°°(X)' = L°°(X) and M is a factor if and only if the G-action is ergodic. 

• Suppose that the ICC group G acts on the finite (A^, r) and put M = N xi G. 
Then, M fl C{G)' = N'^ and M is a factor if and only if the G- action on the center 
of is ergodic. 

• Suppose that the group G acts on the IIi factor {N, r) such that for all g ^ e, ag 
is an outer automorphism of A^, i.e. an automorphism that cannot be written as 
Ad u for some unitary u & N. Putting M = xi G, we have M fl A^' = CI and in 
particular, M is a factor. 

1-cocycles and 1-cohomology 

Let the countable group G act on (X, /i). We denote hj g ■ x the action of an element 
g & G on X & X and we denote by (ag) the corresponding action of G on A = L°°{X) 
given by {ag{F)){x) = F{g~^ ■ x). A 1-cocycle for (ag) with coefficients in a Polish group 
i^T is a measurable map 

■J : G X X ^ K satisfying 'j{gh, x) = ■y{g, h ■ x) 7(/i, x) 

almost everywhere. Two 1-cocycles 71 and 72 are said to be cohomologous if there exists 
a measurable map w : X ^ K such that 

71(5', x) = w{g ■ x)72(5', x)w{x)~'^ almost everywhere. 

Whenever K is abelian, the 1-cocycles form a group Z^{a,K) and quotienting by the 
1-cocycles cohomologous to the trivial 1-cocycle, we obtain H^{a, K). Whenever K = S^, 
we just write Z^{a) and H^{a). Several important remarks should be made. Suppose 
that the action of G on (X, /i) is free and ergodic. 

• Write M = L°°(X) xi G. The group Z^{(t) embeds in Aut(M), associating with 
7 G Z^i^cx), the automorphism 6^ of M defined by 6^{a) = a for all a G L°°(X) 
and O^iug) = Ug'j{g, ■). Passing to quotients, H^{<j) embeds into Out(M). 

• H^{(j) is an invariant for (a^) up to stable orbit equivalence (see Definition 14. 2|) . 

• If (cTg) is weakly mixing, the group of characters CharG embeds into H^{a) as 
1-cocycles not depending on the space variable x. 

The fundamental group of a IIi factor 

Let M be a IIi factor. If t > 0, we define, up to isomorphism, the amplification M* 
as follows: choose n > 1 and a projection p G M„(C) M with (Tr®T)(p) = t. Define 
M* := p(M„(C) ® M)p. The fundamental group of M is defined as 

JF(M) = {t > I M* = M} . 
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It can be checked that J-'{M) is a subgroup of M^. 

In Theorem 19.11 a large class of non-isomorphic IIi factors with trivial fundamental 
group are obtained. In Theorem 17.11 IIi factors with a prescribed countable subgroup of 
iri I as a fundamental group, are constructed. 

Quasi-normalizers and almost normal subgroups 

Let Q C M be a von Neumann subalgebra of M. An element x G M is said to 
quasi-normalize Q if there exist Xi, . . . ,Xk and . . . , in M such that 

k r 

xQ C Qxi and Qx C i/iQ . 

i=l i=l 

The elements quasi-normalizing Q form a *-subalgebra of M and their weak closure is 
called the quasi-normalizer of Q in M. The inclusion Q G M is said to be quasi-normal 
if M is the quasi-normalizer of Q in M. 

A typical example arises as follows: let G be a countable group and H an almost normal 
subgroup, which means that gHg^^ fl if is a finite index subgroup of H for every g E G. 
Equivalently, this means that for any g in G, HgH is the union of finitely many left cosets, 
as well as the union of finitely many right cosets. So, it is clear that for every almost 
normal subgroup H C G, the inclusion C{H) C C{G) is quasi- normal. 

There are some advantages to work with the quasi-normalizer rather than the normal- 
izer. In Lemma 16. 5[ the following is shown: let Q C M be an inclusion of finite von 
Neumann algebras and let p be a projection in Q. If P denotes the quasi-normalizer of Q 
in M, the quasi-normalizer of pQp in pMp is pPp. This is no longer true for the actual 
normalizer. 

More background material is available in the appendices. We discuss in Appendix 1X1 
the basic construction {J\f,eB) starting from an inclusion B G M oi a, von Neumann 
algebra B in the centralizer algebra of (jV, ip) (in particular, for an inclusion of finite von 
Neumann algebras). Appendix |Bl deals with the relative property (T) and its analogue for 
inclusions of finite von Neumann algebras. In Appendix [0 is studied the relation between 
conjugating von Neumann subalgebras with a unitary and the existence of finite-trace 
bimodules. Finally, Appendix O is devoted to (weakly) mixing actions. 

3. THE MALLEABILITY PROPERTY OF BERNOULLI ACTIONS 

Popa discovered several remarkable properties of Bernoulli actions. The first one is 
a deformation property, that he called strong malleability and that is discussed in this 
section. This notion of malleability, together with its stunning applications, should be 
considered as one of the major innovations of Popa. 
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As is well known, the Bernoulli actions are mixing (see Appendix O for definition and 
results) and this fact is used throughout. But, Popa exploits as well a very strong mixing 
property of Bernoulli actions that he called the clustering property. This will be used in 
Section |H1 

Definition 3.1 (Popa, [IHlin^)- — The action (o-g) ofG on (A/", v?) is said to be 

• malleable if there exists a continuous action {at) of M on (A/" (g) A/", that 
commutes with the diagonal action {ag ® (Jg) and satisfies ai(a ® 1) = 1 (g) a for 
all a G Af; 

• strongly malleable if there moreover exists an automorphism (3 of [M eg) A/", ip®ip) 
commuting with {ag ® ag) such that (3at = a-t(3 for allt and (3{a ® 1) = a®l 
for all a & M and such that (3 has period 2.- = id. 

Remark 3.2. — In I5()j. Popa uses the term 'malleability' for a larger class of actions: 
indeed, instead of extending the action from M io M ® A/", he allows for a more general 
extension to A/", which can typically be a graded tensor square Af®J\f. This last example 
occurs when considering Bogolyubov actions. See remark flU. 71 for details. 

Generalized Bernoulli actions 

The main example of a strongly malleable action arises as a (generalized) Bernoulli 
action. Let G be a countable group that acts on the countable set /. Let (Xo,/Uo) be 
a probability space. The action of G on (X, /i) := YlieA-^o, f^o) by shifting the infinite 
product, is called the (generalized) Bernoulli action. The usual Bernoulli action arises by 
taking I = G with the action of G by translation. 

Convention 3.3. — For simplicity, we only deal with Bernoulli actions on the infinite 
product of non- atomic probability spaces and we refer to them as Bernoulli actions with 
non-atomic base. Most of Popa's results also hold for Bernoulli actions on products of 
atomic spaces. They are no longer malleable but sub-malleable, see Definition 4.2 in ^\ 
and Remark 14.61 

Write Aq = L°°(M/Z). To check that the generalized Bernoulli action is strongly mal- 
leable, it suffices to produce an action (aj of M on Aq and a period 2 automorphism 
P of Aq(^Aq such that ai(a® 1) = l®ci, /5(a® 1) = a® 1 for all a G Aq and Pat = a^tP for 
all t G M. One can then take the infinite product of these {at) and /3. Take the uniquely 
determined map / : M/Z — > ]— ^,|] satisfying x = f{x) mod Z for all x. Define the 
measure preserving fiow at and the measure preserving transformation /5onR/ZxR/Z 
by the formulae 

at{x,y) = {x + tf{y - x),y + tf{y - x)) and P{x,y) = {x,2x - y) . 
For F G L°^(M/Z x M/Z), write at{F) = F o at and P{F) = F o p. 
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Popa gives a more functional analytic argument for the strong malleability of the gen- 
eralized Bernoulli action. Consider Aq as being generated by two independent Haar 
unitaries u and v. We have to construct a one-parameter group (at) and a period 2 auto- 
morphism (3 such that ai{u) = v, (3{u) = u and (3at = a-tP- Conjugating at and (3 with 
the automorphism a determined by (j{u) = u, cr(f ) = vu (note that u and vu are indepen- 
dent generating Haar unitaries), the first requirement changes to ai{u) = vu and the other 
requirements remain. Taking log : T — ] — vr, tt], we can now set at{u) = exp{t\ogv)u, 
at{v) = V and = u, [3{y) = v*. 

Connes-St0rmer Bernoulli actions 

Apart from 'classical' Bernoulli actions, also the 'non-commutative' Bernoulli actions 
of Connes and St0rmer jl2| satisfy Popa's malleability condition. These Connes-St0rmer 
Bernoulli actions provide the main non- commutative examples of malleable actions. 

Let G be a countable group acting on a countable set I. Let ipo be a faithful normal 
state on B{H) for some Hilbert space H (finite or infinite-dimensional). Define 

i^f,^) :=(g)(B(i/),¥.o). 

On (A/", v?), G acts by shifting the tensor factors. To prove the malleability, one has to 
produce an action (at) of M on (B{H ® H), i^q® V^o) satisfying ai{a®l) = 1 (g) a for all a G 
B(i7). Denoting by P G B{H ® H) the orthogonal projection on the symmetric subspace 
densely spanned by the vectors ^ ® + /i ® ^ for ^, G iJ, we define Ut = P + e*'^*(l — P) 
and at = AdUt- Note that Connes-St0rmer Bernoulli actions are not in an obvious way 
strongly malleable. In some cases however, a generalization of strong malleability holds, 
see lTTTTl 

The state cpo is of the form TrA for some positive trace-class operator A. So, cp is 
almost periodic and Sp{Af,ip) is the subgroup of M!j^ generated by the ratios t/s, where 
t, s belong to the point spectrum of A. 

4. SUPERRIGIDITY FOR BERNOULLI ACTIONS 

In this section, Popa's very strong rigidity results for Bernoulli actions of w-rigid groups 
are proved: according to the philosophy in the beginning of the introduction, an orbit 
equivalence rigidity result deduces conjugacy of actions out of their mere orbit equivalence. 
All these rigidity result follow from the following cocycle superrigidity theorem. 

Theorem 4.1 (Popa, 0H])- — Let G be a countable group with infinite normal subgroup 
H such that {G,H) has the relative property (T). Let G act strongly malleably on (X, /i) 
and suppose that its restriction to H is weakly mixing. Then, any 1-cocycle 

-f-.GxX-yK 
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with values in a closed subgroup K of the unitary group U{B) of a finite von Neumann 
algebra {B,t), is cohomologous to a homomorphism 9 : G ^ K . 

By regarding F C U{C(T)), the theorem covers all 1-cocycles with values in countable 
groups, which is the crucial ingredient to prove orbit equivalence rigidity results. 

The superrigidity theorem for Bernoulli actions proved below, does not only deal with 
orbit equivalence, but also with stable orbit equivalence. There are several ways to intro- 
duce this concept, one of them being the following (see e.g. where the terminology 
of weak orbit equivalence is used). 

Definition 4.2. — Let G r\ {X,jj) and T r\ {Y,ri) be free and ergodic actions. A 
stable orbit equivalence between these actions is given by a measure space isomorphism 
IT : A ^ B between non-negligible subsets A G X and B G Y preserving the restricted 
equivalence relations: tt{A fl {G ■ x)) = B Cl (T ■ 7r(a;)) for almost all x G A. 

The compression constant of n is defined as c(7r) := ri{B) / fi{A) . 

The maps tii : Ai ^ Bi (i = 1,2) define the same stable orbit equivalence if 

H2{A2 n {G ■ x)) C r • 7ri(a;) for almost all x G Ai . 
Note that this implies that c^tti) = c{n2). 

Suppose that TTj : Ai ^ Bi {i = 1, 2) define the same stable orbit equivalence. If, say, 
fJ'{Ai) < fi{A2), there exist (p in the full group^ of the equivalence relation given by the 
G-orbits and in the full group of the equivalence relation given by the F-orbits such 
that 4>{Ai) G A2 and tti is the restriction of ip o 712 o (p to Ai. 

If IT : A ^ B defines a stable orbit equivalence between the free and ergodic actions 
G r> (X, /i) and F r\ {Y, 77), one defines as follows a 1-cocycle a : G x X ^ T for G r\ X 
with values in F. By ergodicity, we can choose a measurable map pr^ : X A satisfying 
pr^(a;) G G ■ x almost everywhere and denote p = tt o pr^. Freeness of the action T r\Y, 
allows to define 

a : G X X ^ T : p{g ■ x) = a{g, x) ■ p{x) 

almost everywhere. Taking another vr defining the same stable orbit equivalence or choos- 
ing another pr^, yields a cohomologous 1-cocycle. 

Given a free and ergodic action G nv (X, yu), there are certain actions that are trivially 
stably orbit equivalent to G nv X and we introduce them in Notation 14.31 The super- 
rigidity theorem 14.41 states that for Bernoulli actions of w-rigid groups these are the only 
actions that are stably orbit equivalent to the given Bernoulli action. 

Notation 4.3. — Let G act freely and ergodically on {X,fi). Suppose that 6 : G —>■ T is a 
homomorphism with Ker^ finite and Im6' of finite index in F. Define 

Ind^(X, 9) := G\{X x F) where G acts on X x F by g- {x,s) = {g ■ x, 9{g)s) . 

^The full group of the equivalence relation defined by G-orbits, consists of the measure space auto- 
morphisms A : X ^ X satisfying A(a;) £ G • a; for almost all x. 
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The action of T on Ind^(X, 6') given by t ■ (x, s) = {x,st ^) is free, ergodic and finite 
measure preserving. We also have a canonical stable orbit equivalence between G r\ X 
and r r\ Ind^iX, 6), with compression constant [T : 6{G)]/\ Ker^^|. 

Theorem 4.4 (Popa, |1H])- — Let G be a countable group with infinite normal subgroup 
H such that {G,H) has the relative property (T). Let G act strongly malleably on (X, /x) 
and suppose that its restriction to H is weakly mixing. 

Whenever T is a countable group acting freely and ergodically on (y, rj) and whenever 
TT defines a stable orbit equivalence between G rx X and T r\Y , there exists 

• a homomorphism 6 : G T with KeiO finite in G and lm6 of finite index in T ; 

• a measure space isomorphism A : F — s> Ind^(X, 6) conjugating the actions T r\Y 
and T r\ln(f^{X,e) ; 

such that A o TT defines the canonical stable orbit equivalence between G r\ X and T r\ 
Ind^(X, ^^). In particular, the compression constant c{tt) equals [F : 9{G)]/\ Ker0|. 

Remark 4.5. — Several special instances of Theorem 14.41 should be mentioned. Suppose 
that the action G r\ X satisfies the conditions of Theorem 14.41 and denote by TZ the 
equivalence relation given by the G-orbits. 

• If we suppose moreover that G does not have finite normal subgroups, we get the 
following result stated in the introduction. If the restriction to F C X of the 
equivalence relation given by G r> X is given by the orbits oiV r\ Y for some 
group r acting freely and ergodically on F, then, up to measure zero, Y = X and 
the actions of G and F are conjugate through a group isomorphism. 

• The amplified equivalence relation^'' TZ* can be generated by a free action of a 
group if and only if t = n/\Go\, where n G N \ {0} and Go is a finite normal 
subgroup of G. So, we get many examples of type IIi equivalence relations that 
cannot be generated by a free action of a group. The first such examples were given 
by Furman answering a long standing question of Feldman and Moore. 

• The fundamental group of TZ is trivial. Note that this fundamental group is defined 
as the group of t > such that t is the compression constant for some stable orbit 
equivalence between G X and itself. If tt : A — ^ 5 is a stable orbit equivalence 
with compression constant t > 1, Theorem 14.41 implies that t = n/\ Ker^|, where 
6 : G ^ G has finite kernel, satisfies n = [G : 0(G)] and where G r\ X is conjugate 
to G Ind^(X, ^). Since the action G X is weakly mixing, the induction is 
trivial, i.e. n = 1. This implies that t < 1 and hence, t = 1. 

• The outer automorphism group Out 7^ = Aut7?./Inn7^ of TZ can be described 
as follows. Recall first that AutT^ is defined as the group of orbit equivalences 
A:X-^X of Gr^X with itself. The full group (see note on page IT6|l of TZ is 

^"The amplified equivalence relation TZ* is defined as follows. If t < 1, we restrict 7?. to a subset of 
measure t. If i > 1, we take a restriction of the obvious type IIi equivalence relation on X x {1, . . . , n}. 
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a normal subgroup of Aut TZ and denoted by Inn 7^. The subgroup Aut*(X, G) C 
Aut IZ consists of those A satisfying 

A{g ■ x) = 5{g) ■ A(x) almost everywhere, 

for some group automorphism 5 G Aut G. For our given TZ, Out TZ is the image 
of Aut* (X, G) through the quotient map Aut 7Z — > Out 7Z. Weak mixing then 
implies that Out7^ ^ Aut*(X, G')/G. 

Remark 4.6. — Let G be a group with infinite normal subgroup H with the relative 
property (T). Let G r\ (X, /i) be a strongly malleable action whose restriction to H is 
weakly mixing. Then, the conclusions of Theorems 14 . 1 1 and 14 . 41 hold as well for all quotient 
actions G r\ (Y, rf) provided that the quotient map X satisfies a relative weak mixing 
property, introduced by Popa in |1H] (Definition 2.9). Indeed, if for a measurable map 
w : X K and a homomorphism 6 : G —>■ K, the 1-cocycle G x X K : {g,x) ^ 
w{g ■ x)6{g)w{x)~^ actually is a map G xY ^ K, then relative weak mixing imposes that 
w is already a map Y ^ K. 

Hence, the conclusions of Theorems 14 . 1 1 and 14 . 41 hold for all generalized Bernoulli actions 
that are free and weakly mixing restricted to H, even starting from an atomic base space. 

In fact. Theorem 14 . 41 follows from the cocycle superrigidity theorem l4.1l and the following 
classical lemma. 

Lemma 4.7. — Let G r\ (X, /i) and T nv {Y, rj) be free ergodic actions that are stably orbit 
equivalent. If the associated 1-cocycle is cohomologous to a homomorphism 6 : G ^ V , 
then the conclusion of Theorem \4.4\ holds. 

Proof. — The proof of the lemma consists of two easy translation statements. In the 
first paragraph, stable orbit equivalence is translated as measure equivalence (see e.g. 

we get a natural space with an infinite measure preserving action of G x F. In a 
second paragraph, the conclusion follows using the triviality of the cocycle. 

Let p : X —>■ Y he the equivalence relation preserving map as in the construction of the 
1-cocycle a above. Take symmetrically q : Y —>■ X and the 1-cocycle (3 : T x Y —>■ G. We 
denote hjg-x the action of G on X and hj s*y the action of F on Y. Define commuting 
actions of G and F on X x F and Y x G respectively, by the formulae 

g ■ {x,s) -t = {g ■ x,a{g,x)st) , s * {y, g) * h = {s * y, l3{s,y)gh) . 

Following Theorem 3.3 in |22j, we prove that there is a natural G x F-equivariant measure 
space isomorphism Q: XxT^YxG satisfying Q{x, s) G (F * p{x)) x G for almost all 
{x,s). Indeed, take measurable maps X — > G : x i— >• (7^ and Y T : y Sy such that 
q{p{x)) = gx ■ X and p{q{y)) = Sy * y almost everywhere. Define 

e:XxF^rxG: e(x,s) = {s-Up{x),(3{s-\p{x))gx) 
e-^:YxG^XxT:e~\y,g) = {g-' * g(y), a{g-\ q{y))sy) . 
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The assumption of the lemma yields a homomorphism 6 : G ^ T and a measurable 
map w : X — > r such that a{g,x) = w{g ■ x)9{g)w{x)'^ almost everywhere. So, the 
map \l/ : X X r — ^ X X r : \E'(x, s) = (x, w{x)s) is a measure space isomorphism that is 
equivariant in the following sense 

^{g-x,e{g)st) = g-^{x,s)-t . 

So, 6 o vlf conjugates the new commuting actions g{x, s)t = {g ■ x, 9{g)st) on X x F with 
the commuting actions on Y x G given above. In particular, the new action of G on 
X X r has a fundamental domain of finite measure. Having a fundamental domain forces 
Ker^ to be finite, while its being of finite measure imposes 0{G) to be of finite index in 
G. Finally, the new action of T on the quotient G\{X x F) is exactly F r\ Indg(X, ^) 
and B o \1> induces a conjugacy of the actions F r\ Ind^(X, 6) and T r\Y. □ 

There is a slightly more general way of writing 'obviously' stably orbit equivalent ac- 
tions, by first restricting G X to Go ^ -^o, where Go is a finite index subgroup of G 
and G X is induced from Go r\ Xq. Since the superrigid actions in this talk are all 
weakly mixing, they are not induced in this way. 

It remains to prove the cocycle superrigidity theorem 14.11 This proof occupies the rest 
of the section and consists of several steps. 

(0) Using the weak mixing property and the fact that U{B) is a Polish group with a 
bi-invariant metric, restrict to the case K = U{B). 

The 1-cocycle 7 : GxX — > U{B) is then interpreted as a family of unitaries 7^ G U{A®B), 
where A = L°°{X,fi). Moreover, strong malleability yields (at) and (3 on A ^ A. 

(1) Using the relative property (T), find to > and a non-zero partial isometry a G 
A0 A® B satisfying 

(*) (79)13(^^9 0^3® id)(a) = a{ato ® id)((75)i3) 

for all g E H. We use the notation (a &)i3 := a 1 ® 6 and extend to M13 for all 
u E A® B hj linearity and continuity. 

(2) Using the period 2 automorphism given by the strong malleability and the weak mixing 
property of the action restricted to H, glue together partial isometries, in order to get 

with to = I5 i-e. a non-zero partial isometry a E A ^ A ^ B satisfying 

(7ff)i3(o"s ® o-g ® id) (a) = 0(75)23 

for all g & H. 

(3) Deduce from the previous equality, using the intertwining-by-bimodules technique, a 
non-zero partial isometry v E A® B and partial isometries 9{g) G -B such that 

-^g{(jg®id){v)=v{l®e{g)) 

for all g E H. 



961-20 



(4) Using a maximality argument, glue together such partial isometries v in order to get 
a unitary v satisfying the same formula. 

(5) Use the normality of H in G and the weak mixing property of the action restricted 
to H, to extend the formula to g E G. 

Lemma [4 .81 covers step (0), Lemma covers steps (1), (2) and (3), Lemma [4.101 covers 
step (4) and the final step (5) is done in the proof of the theorem. 

To prove step (0) of the program, the essential property of the Polish group U{B) that 
we retain is the existence of a bi-invariant metric d{u,v) = \\u — v\\2. 

Lemma 4.8. — Let G act weakly mixingly on {X,fi). Let Q be a Polish group with a 
bi-invariant complete metric d and let K d Q be a closed subgroup. Suppose that 7 : 
G X X ^ K is a 1-cocycle. Let v : X Q be a measurable map and 9 : G ^ Q a 
homomorphism such that 

7(9, x) = v{g ■ x)e{g)v{xy^ 

almost everywhere. Whenever vq E Q is an essential value of the function v, we have 
v{x)vq^ G K almost everywhere and Vo9{g)vQ^ E K for all g E G. 

Proof. — Let Vq be an essential value of the function v. Changing v{x) into v{x)vq'^ 
and 6 into (Adfo) 06, we assume that e is an essential value of v and prove that 6{g) E K 
for dXl g E G and v{x) E K almost everywhere. 

Denote by d the bi-invariant metric on the Q. Choose e > and g E G. Take 
W d X with ^{W) > such that d{v{x),l) < e/A for all x E W. Take k E G such 
that fi{k ■ W nW) > and fi{{gk)~^ ■ W n W) > 0. If x E k -W nW, we have 
d{v{x),l),d{v{k''^ ■ x),l) < e/A. It follows that d{9(k~^), K) < e/2. In the same way, 
d{e{gk),K) < e/2. Together, d{e{g),K) < e. This holds for all £ > and all ^ G G and 
hence, e{G) C K. 

Let e > 0. The formula v{g ■ x) = '~f{g,x)v{x)6{g)* almost everywhere, yields that 
{x E X \ d{v{x),K) < e} is non-negligible and G-invariant, hence, the whole of X. It 
follows that v{x) E K almost everywhere. □ 

We fix the following data and notations. 

(1) Let G be a countable group with infinite normal subgroup H such that {G,H) has 
the relative property (T). Let G act strongly malleably on (X, /i) and suppose that 
its restriction to H is weakly mixing. Write A = L°°(X) and write the action of G 
on A as {ag{F)){x) = F{g-^ ■ x). 

(2) Let 7 : G X X — > U{B) be a 1-cocycle with values in the unitary group of the IIi 
factor {B, r). Remark that we can indeed suppose that 5 is a IIi factor^^. We write 
7g eU{A® B), given by 7g(a;) = 7(5', g~^ ■ x). The 1-cocycle relation becomes 

7g(a-g (g) id){'jh) = Igh for all g,hEG . 
^^Any finite (_B, r) can be embedded, in a trace-preserving way, into a IIi factor, e.g. into 
(0„g^(B,T)) x: Z and U{B) is tlien a closed subgroup of the unitary group of this IIi factor. 
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(3) We denote by (pg) the following action of G by automorphisms oi B: 

Pg{a) = 7g((T(, (g) id)(a)7* for all a G A (g) 5 . 

(4) We denote by {rjg) the unitary representation of G on L'^{X) ® L'^{B) given by 

r]g{a) = -fg{ag (g) id)(a) for all ae A® B C L'^{X) (g) L^{B) . 

(5) We denote, for every t G M, by (vr*) the unitary representation on L^(X x X) ^L'^{B) 
of G given by 

= (73)i3((Xg 0ag0 id){a){at id)((7g)t3) 

for all a G A (g y4 (g i? C L^(X X X) (g) L'^{B). Recall the notation uis determined by 
(a(g)6)i3 = a(^l®b. 

We cover steps (1), (2) and (3) of the program in the next lemma. 

Lemma 4.9. — Let q & A ® B he a non-zero projection which is p\H-invariant. There 
exists a non-zero partial isometry v & A ^ B , a projection p E B and a homomorphism 
9 : H ^ U{pBp) such that vv* < q, v*v = 1 (g p and 

-fh{(Th®id){v) =v{l®e{h)) 

for all h e H. 

Proof. — Step (1) Note that 1 is a vr^l-invariant vector. The relative property (T) yields 
a to = and a non-zero element a E A ® A ® B such that a is vr^-invariant and such 
that \\a — III2 < lkll2/2. It follows that a{at^^ (g id)(gi3) 7^ 0, which remains vr^-invariant. 
Taking the polar decomposition of a{at^^ (g id)(gi3), we get a non-zero partial isometry 
a G A ® A ® B which is vr^-invariant and satisfies a* a < {atg (g id)(gi3). Moreover, 
Proposition ID. 21 yields 

aa* , (a^to ® id) (a*a) G (A (g . 
So, we have a projection g G (A (g B)^^" such that q < q and 

a* a = {ato (gid)(gi3) • 

Step (2) Whenever a and h are vr^-invariant, we have that a{atQ (gid)(6) is vr^" -invariant 
and that {(3 (g id) (a) and («_to ® id) (a*) are tt^^*" -invariant. So, if we define 

fli = (ttto ® id) ((/? ® id) (a*)a) 

we get that ai is 7r^° -invariant and satisfies 

0-10*1 = $13 and a*ai = (02*0 ® id)(gi3) • 

Iterating the procedure yields at stage n a partial isometry b G A ^ A ^ B which is 
TT^-invariant and satisfies bb* = gi3 and b*b = 523 • 
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Step (3) Define the (non-zero) operator T G B(L^(X)) ® B hy 

(TO(x) = / h{x, y)i{y) dM for all ^ e L\X) B . 
Jx 

We get 

[T,r]h] = foihe H , ^ = T = Tq, || (Tr ®id) (T*T) || < oo . 

Taking a spectral projection P of T, we get an non-zero orthogonal projection P with 
the same properties as T. It follows that the range of P is a finitely generated right 
i?-submodule of (L^(X) L'^{B))b which is stable under {rjh)h£H- 

As in Proposition lC.il we get n > 1, a non-zero projection p G M„(C) ® 5, a non-zero 
partial isometry v E A® Mi „(C) ® B and a homomorphism 9 : H ^ W(p(M„(C) (8) B)p) 
such that 

7/i(o"/i ® id)(f ) = f (1 (8> ^^(/;.)) for h E H , qv = v , v{l®p) = v. 

Since f*f is {cxh ® Ad^^(/;,))-invariant for all h E H, it follows from Proposition ID.2I that 
v*v = l^po for some non-zero projection po ^ p{Mn{C) ® B)pr\6{Hy . Since po commutes 
with 0{H), we can cut down by po. Since moreover t{po) < 1, we can move po into the 
upper corner of M„(C) ® B and we have found a non-zero partial isometry v E A ® B, 
a non-zero projection p E B and a homomorphism 9 : H ^ U{pBp) such that * < g, 
f *f = 1 ® p and 

7/,K(g)id)(i;) = v{l(d9{h)) 
for all /i G i/. □ 

We cover step (4) of the program in the following lemma. 

Lemma 4.10. — There exists a unitary element v E A ® B and a homomorphism 9 : 
H U{B) such that 

-ih{(Jh(^id){v) = v{l(d9{h)) 

for all h e H. 

Proof. — The proof is a straightforward maximality argument. Consider the set T of 
partial isometrics v E A® B for which there exist p E B and 9 : H ^ U{pBp) satisfying 

v*v = l®p and '^h{ah® 'v^){v) = v{l ® 9{h)) 

for all h E H. Partially order I by extension of partial isometrics and let f be a maximal 
element of X. Write v*v = 1 ® p. If vv* ^ 1, put g = 1 — vv* . Then, q E {A® By^" 
and Lemma [4.91 vields a non-zero partial isometry w E A® B, a. projection e E B and a 
homomorphism 9 : H ^ lA{eBe) such that ww* < q, w*w = 1 ® e and 

7ft (a/, O id) H = w{l 9(h)) 

for all h E H. Since e ^ 1 — p in the IIi factor B, we contradict the maximality v. □ 
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Proof of Theorem \4 1\ — Using Lemma l4.8| it is sufficient to prove the existence of a 
unitary v & B and a homomorphism 6 : G ^ ^{B) such that 

(1) jgicTg (E) id)iv) =v{l(E)9{g)) 

for all g E G. Take v and 9 as given by Lemma f4. 101 Fix g E G and write 

V = jgiag (g) id){v) and 9{h) = 9{g'^hg) ioi h E H . 

Obviously, 7/,(cr/i ® id){v) = v{l ® 9{h)) for all h E H. It follows that 

{at ® id) (Ft;) = (1 ® 9{h)*)v*v{l ® 9{h)) 

for all h E H. Since is a unitary, the same proof as the one for Proposition ID.21 
yields a unitary u E B such that 9 = {Adu)9 and v = v{l (S) u*). So, for any g E G, we 
find a unique unitary element 9{g) E U{B) such that (P) holds. By uniqueness, 6^ is a 
homomorphism and we are done. □ 



5. NON-ORBIT EQUIVALENT ACTIONS AND 1-COHOMOLOGY 

The following theorem is an immediate consequence of Theorem 14.11 

Theorem 5.1 (Popa, Sasyk, [SZ|)- — Let G he a countable group with infinite normal 
subgroup H such that {G, H) has the relative property (T). Let (ag) be the Bernoulli action 
(with non-atomic base) of G on {X,fi). Then, H^{a) = CharG. 

Through the following lemma, one can easily produce non stable orbit equivalent actions 

Lemma 5.2. — Let G be a countable group and K a compact abelian group. Let GxK act 
on {X,fi) and denote by {(TgPk) the corresponding action on A = L°°{X). Define B = A^ , 
the algebra of K- fixed points. Denote by {(rf) the restriction of {ag) to B. Assume that 

• {(Tg) is free and weakly mixing, 

• (cr^) is still free, 

• H\a) = CharG. 

Then, H\a^) = CharG x Sp{K,p), where 

Sp{K, p) = {aE Char(K) | 3m E U{A),pk{u) = a{k)u for all k E K} . 

Proof. — Whenever u E U^A) and pk{u) = a{k)u for all k E K, we define Ug E B hj 
the formula Ug = uag{u*). Using the weak mixing of (cr^), it is easy to check that we 
obtain an embedding CharG x Sp(i^, p) ^ H^{a^). Suppose on the contrary that the 
1-cocycle u defines an element of H^{a^). We regard u; as a 1-cocycle for a and since 
H^{a) = CharG, we find that uj is cohomologous to a character of G. Subtracting this 
character from u, we may assume that Ug = uag{u*) for some unitary u E U{A). Since 
for any k E K, ujg is i^'-invariant and since {ag) is weakly mixing, we conclude that there 
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exists a : K ^ such that pk{u) = a{k)u for all k & K. But this means that u is given 



The following proposition immediately follows. 

Proposition 5.3 (Popa, [ST]). — Let G be a countable group with infinite normal sub- 
group H such that {G,H) has the relative property (T). Let T be any countably infinite 
abelian group and K = T. Denote by (ag) the Bernoulli action of G on L°°{X,ijl) = 
(8>geG-^°°(-^; Haar) and define {pk)k&K the diagonal action on L°°{X,fi) of the transla- 
tion action of K on L°°{K). Define (cr^) as the restriction of {ag) to the K -fixed points 



Remark 5.4. — It follows that any countable group G that admits an infinite normal 
subgroup H such that {G,H) has the relative property (T), admits a continuous family 
of non stably orbit equivalent actions. Indeed, CharG being compact, an isomorphism 
CharG x Fi = CharG x r2 entails a virtual isomorphism between Fi and F2. It is not 
hard to exhibit a continuous family of non virtually isomorphic countable abelian groups. 

6. INTERTWINING RIGID SUBALGEBRAS OF CROSSED PRODUCTS 

The major aim of the rest of the talk is to prove Popa's von Neumann strong rigidity 
theorem for Bernoulli actions of w-rigid groups, deducing conjugacy of actions out of their 
mere von Neumann equivalence. This is more difficult, but nevertheless related to the 
orbit equivalence superrigidity Theorem 14.41 In particular, the crucial lemma IFTTl below, 
is the von Neumann counterpart to Lemma l4.9| covering steps (1), (2) and (3) of the 
program on page ^| It states that in a crossed product M := x G by a malleable 
mixing action, a subalgebra Q G M with the relative property (T), can be essentially 
conjugated into C{G). 

But, the aim of this section is not only preparation to the von Neumann strong rigidity 
theorem. The results are applied as well in the next section in order to construct IIi factors 
with prescribed countable fundamental groups. For this reason, we need to deal with 
actions on non-tracial (but almost-periodic) algebras. 

We refer to page [3 for a rough explanation of the idea of the proof of Lemma Ifi.ll It 
is another application of Popa's deformation /rigidity strategy. The deformation property 
of malleability is played against the relative property (T). For this, we need the notion 
of relative property (T) for an inclusion Q C M of finite von Neumann algebras (see 
Definition IB.2|) . The mixing property of the action has several von Neumann algebraic 
consequences that are used throughout and proved in Appendix |D| Finally, in order to 
actually conjugate (essentially) Q into C{G), Popa's intertwining-by-bimodules technique 
is used (see Appendix IHjl. 



by an element of Sp{K,p). 



□ 




(a^) = CharG x F. 
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Lemma 6.1. — Given a strongly malleable mixing action of a countable group G on an 
almost periodic [M^ip), write N = M"^ . Let Q G N xi G be a diffuse subalgebra with the 
relative property (T). Denote by P the quasi-normalizer of Q in N y\ G and suppose that 
there is no non-zero homomorphism from P to an amplification of N. 

Then, there exists 7 > 0, n > 1 and a non-zero partial isometry v G M„^i(C) (g) (A/" x G) 
which is a '-/-eigenvector for ip and satisfies 

v*vePnQ' , vPv* C M„(C) ® C{G) . 

Proof. — In the course of this proof, we use the following terminology: given subalge- 
bras Qi,Q2 of a von Neumann algebra, an element a is said to be (5i-Q2-finite, if there 
exists finite families (aj) and such that 

n m 

aQ2 C '^Qitti and Qia C ^&iQ2 • 

1=1 1=1 

Hence, the Q-Q-finite elements are nothing else but the elements quasi-normalizing Q. 

Step (1), using relative property (T). Take {at) and (3 as in Definition 13.11 Write 
N = {J\f ® J\f)f"^f and M = iV x G. Write M = N >i G and consider M as a subalgebra 
of M by considering Af ^ 1 C Af <Si Af. Extend (aj and P to M. The relative property 
(T) yields to = 2~" and a non-zero element w & M such that xw = watgix) for all x G Q. 

Step (2), finding a non-zero element a & M that is Q-ai{Q) -finite, using the period 2- 
automorphism (3. Denote by V the *-algebra of Q-Q-finite elements in M. By definition, 
P is the weak closure of V. Whenever y E V, the element atQ{P{w*)yw) is Q-a2to{Q)- 
finite. It suffices to find y such that (3{w*)yw is non-zero, since we can then continue 
to find a non-zero (5-«i(Q)-finite element a in M. Denote by p the supremum of all 
range projections of elements yw, where y E V. We have to prove that p[3{w) 7^ 0. By 
construction, p E M (1 P' and pw = w. From Proposition ID. 51 fand here we use that there 
is no non-zero homomorphism from P to an amplification of A^) , M (1 P' G M and so, 
p G M. But, P acts trivially on M and we obtain p[3{w) = P{pw) = [3{w) 7^ 0. 

Step (3), using the intertwining-by-bimodules technique to conclude. Denote by / G 
{M,eai(M)) n Q' the orthogonal projection onto the closure of Qaai{M) in L'^{M) and 
remark that ip{f) < +00. Denoting by JF : ((A/"® A/") x G, e(^i^j^)y^G) (A/" x G,ec{G)) 
the ^-preserving conditional expectation, it follows that 

W)e(ArxG,e£(G))ng' with ^(^(/))<oo. 

Moreover, J-'{f) 7^ since is faithful. 

From Proposition IC.ll we get 7 > 0, n > 1, p G M„(C) ® jC{G), a homomorphism 
9 : Q ^ p(M„(C) ® C{G))p and a non-zero partial isometry w G Mi^„(C) ® {Af x G) 
such that w is a 7-eigenvector for ip and xw = w6{x) for all x E Q. It follows that 
w*w G p(M„(C) ® (iV X G))pne{Q)', which is included in p{MniC) (g) C{G))p by Theorem 
ID.4I Also WW* e M nQ' and hence, w*Qw is a diffuse subalgebra of p(M„(C) ® C{G))p. 
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Applying once more Theorem ID .41 we get w*Pw C p(M„(C) (g> C{G))p. Since obviously 
M n Q' C P, we can take v = w* io conclude. □ 

Remark 6.2. — If P is a factor, it is sufficient to assume malleability instead of strong 
malleability. Indeed, looking back at the proof, let a G M be a Q-ato((5)-finite element. 
Then, aatg^ya) is Q-a2to{Q)-^^^iG for every y E M that quasi-normalizes Q. Denote by 
P the quasi-normalizer of Q in M. It is then sufficient to show that P is factorial, to 
obtain at least one y such that aat^lya) ^ 0. As in the proof above, M fl P' C M. Since 
P contains P, it follows that M n P' C M n P' = Z{P) = CI. So, we are done. 

In two unitary intertwiner v can be found. The first case is easy and follows 

immediately: assume G to be ICC and the quasi-normalizer P to be a factor. It is crucial 
to allow as well for an amplification in order to apply the result when dealing with the 
fundamental group of the crossed product N xi G. 

Theorem 6.3 (Popa, ^H])- — Given a malleable mixing action of an ICC group G on 
an almost periodic (A/", (p), write N = Af'^ and M = N y\ G . Let t > and let Q C M* be 
a diffuse subalgebra with the relative property (T). Denote by P the quasi-normalizer of 
Q in M*. Suppose that P is a factor and that there is no non-zero homomorphism from 
P to an amplification of N. Realize M* = p(M„(C) M)p. 

Then, there exists •y > 0, k > 1 and v G M„ ^(C) ® (A/" xi G) a 'j- eigenvector for ip, such 
that 

v*v=p, q := vv* e Mk{C) ® C{G) , vPv* C C{Gy\ 
where we have realized C{Gy^ := q(Mk{C) C{G))q. 

Proof. — Choose a projection q G Mfc(C) ® Q with trace s where s = 1/t. Write 
Q' := g(Mfc(C) (g) Q)q and P' := g(Mfc(C) P)q. We consider Q' C P' C M. Clearly, 
is diffuse, Q'^ d M has the relative property (T) by Proposition IB. 61 and P* is the 
quasi-normalizer of Q'^ by Lemma f6. 51 So, Lemma f6. II fwith Remark l6.2|) yields a partial 
isometry v which is a 7-eigenvector for Lp and satisfies v*v G P'^, vP'^v* C C{G)^ . Since 
both P* and C{G) are factors, we can move around v using partial isometries in matrix 
algebras over P and C{G) to conclude. □ 

In the tracial case, assuming G to be ICC is sufficient. 

Theorem 6.4 (Popa, ^H])- — Given a strongly malleable mixing action of an ICC group 
G on a finite {N,t), let t > and let Q C (A^ x G)* be a diffuse subalgebra with the 
relative property (T). Denote by P the quasi-normalizer of Q in {N xi G)* and suppose 
that there is no non-zero homomorphism from P to an amplification of N. 
Then, there exists a unitary element v G (A^ xi G)* such that vPv* C C{Gy. 

Proof. — Write M = N xiG. Below we prove the existence of a partial isometry v G M* 
satisfying v*v E P H Q' and vPv* C C{Gy. Since any projection p E P n Q' of trace 
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s yields an inclusion pQ C pPp C M** satisfying the assumptions of the theorem, a 
maximality argument combined with the factoriality of C{G) then allows to conclude. 

Choose a projection q G Mfc(C)®Q with trace s where s = 1/t. Write := g(Mjt(C)® 
Q)q and := g(Mfc(C) ® P)q as in the proof of the previous theorem. From Lemma f6. 11 
we get a partial isometry w E M satisfying w*w G P"* fl (Q^)' and wP'^w* C C{G). Let 
e be the smallest projection m P r\Q' satisfying w*w < 1 ® e. Moving around w using 
partial isometrics in matrix algebras over Q and C{G), we find a partial isometry v G M* 
satisfying ?7*f = e and fPf* C C{Gy . □ 

Lemma 6.5. — Let Q a M he an inclusion of finite von Neumann algebras and p a 
non-zero projection in Q. If P denotes the quasi-normalizer of q in M, then pPp is the 
quasi-normalizer of pQp in pMp. 

Proof. — Denote by P the quasi-normalizer of pQp in pMp. We only prove the inclusion 
pPp C P, the converse inclusion being analogous. Let 2; be a central projection in Q such 
that z = Yl^=i '^i'^i with Vi partial isometrics in Q and v*Vi < p. 

If now X G M quasi- normalizes Q, we write Pq = pz and claim that Poxpo quasi- 
normahzes pQp. Indeed, if xQ C Y7k=i Q^k, it is readily checked that 



k,i 

Since the central support of p in Q can be approximated arbitrary well by such special 
central projections z, po approximates arbitrary well p and we have proved that pPp C 



7. FUNDAMENTAL GROUPS OF TYPE IIi FACTORS 

Recall that we denote the fundamental group of a IIi factor M by JF(M) C and 
that Sp(A/', (p) C M.\ denotes the point spectrum of the modular automorphism group of 
an almost periodic state (f on Af. 

Theorem 7.1 (Popa, |49j|). — Let G he an ICC group that admits an infinite almost 
normal suhgroup H with the relative property (T). Let {ag) he a malleahle mixing action 
of G on the almost periodic injective {Af, ip). Denote M := Af''' x G. One has 



In particular, if C{G) has trivial fundamental group, JF(M) = Sp{A/,(p). 

Proof. — As shown by Golodets and Nessonov [22], the inclusion Sp{Af,(p) C J-'{M) 
holds. Indeed, let s G Sp(A/', ip) and take an s-eigenvector v G Af, that we may suppose 
to be a partial isometry. Write p = v*v and q = vv*. Then, p,q E Af''' C M, ip[q) = Sip{p) 
and Adf yields an isomorphism of pMp with qMq. Hence, s G J-'{M). 




P. 



□ 



Sp(Ar,^) c ^(M) c Sp{Af,ip)J^iCiG)) . 
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Suppose t G ^{M) and \et 9 : M ^ M* be a *-isomorphism. Since H is almost 
normal in G, C.{G) is contained in the quasi-normalizer of C{H) in M. Moreover, C{H) 
is diffuse since H is infinite. So, it follows from Theorem ID.4I that the quasi-normalizer 
of C{H) in M is exactly C{G) and, in particular, a factor. Since A/"*^ is an injective von 
Neumann algebra with finite trace (f, it follows from Remark IB. 41 that there is no non-zero 
homomorphism from C{G) to an amplification of A/"*^. 

Write M =M yiG, Q = 6{C{H)) and P = e{C{G)). Realize M* := J9(M„(C) ® M)j9, 
where p is chosen in M„(C) ® jC{H). By Proposition IB. 51 the inclusion Q G P has the 
relative property (T). Increasing n if necessary, the previous paragraph and Theorem 16.31 
yield s G Sp(A^, ip) and v G M„(C) ® such that v is an s-eigenvector for ip, v*v = p, 
q := vv* G M„(C) ® C{G) and wPw* C g(M„(C) ® C{G))q. We claim that this inclusion 
is an equality. Then, we have shown that C{G) and C{Gy'^ are isomorphic, which yields 
ts G J-'{C{G)) and hence, t G Sp(A/', V5)J^(>C(G')). So, this ends the proof. 

Changing q to an equivalent projection in M„(C) ® £^{G), we may assume that q G 
M„(C) ® C{H). Write Qi C Pi C M as 

:= e-^{v*{Mn{C)®C{H))v) and Pi := (t;*(M„(C) ® . 

The inclusion Qi d M = N y\ G has the relative property (T), Pi is the quasi-normalizer 
of Qi and C{G) C Pi. We have to prove that C{G) = Pi. 

By Theorem 16. 3^ there exists a w G Mjfc^i(C) ® an r-eigenvector for ip satisfying 
w*w = 1 and wPiw* C Since £(G') C Pi, Theorem El yields w G Mfc,i(C)®£(G'). 

But then, C{G) = Pi and we are done. □ 

Corollary 7.2. — Let G be an ICC group that admits an infinite almost normal sub- 
group with the relative property (T). Suppose that C{G) has trivial fundamental group. 
Let TrA be the faithful normal state on B{H) given by TrA(a) = Tr(Aa) and define 
[M^ip) = (^^g^(B(i7), TrA), with Connes-St0rmer Bernoulli action G r> [M^ip). Write 
M ■=Af^ G. 

Then, J^{M) is the subgroup o/M^ generated by the ratios X/fi for X, ^ belonging to the 
point spectrum of A. In particular, for every countable subgroup S C W^, there exists a 
type III factor with separable predual whose fundamental group is S . 

Popa showed in [22] that, among other examples, C{G) has trivial fundamental group 
when G = SL(2,Z) k Z^. Note that Popa shows in [SB] that the fundamental group of 
C{G) = SL(2, Z) K L°°(T^) equals the fundamental group of the equivalence relation given 
by the orbits of SL(2, Z) r> T^. The latter reduces to 1 using Gaboriau's £^ Betti number 
invariants for equivalence relations, see |23j . 

It is an open problem whether there exist IIi factors with separable predual and un- 
countable fundamental group different from M^. 
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8. FROM VON NEUMANN EQUIVALENCE TO ORBIT EQUIVALENCE 

The following is an immediate consequence of Theorem 16.41 

Proposition 8.1. — Let G be an ICC group with a strongly malleable mixing action on 
the probability space (X,^). Write M = L°°{X) xi G. Let T be a countable group that 
admits an almost normal infinite subgroup Tq such that (F, Fq) has the relative property 
(T). Suppose that F acts on the probability space {Y^rf). 
Let p be a projection in C{G) and 

e : L~(r) X F ^ X G)p 

a * -isomorphism. Then, there exists a unitary v G pMp such that v6{C{r))v* C pC{G)p. 

Proof. — We apply Theorem 16.41 observing that C{r) is included in the quasi- 
normalizer P of >C(Fo) in L^{Y) x F. Using Remark IB. 41 it follows that there is no 
non-zero homomorphism from P to an amplification of □ 

From now on, specify G r\ {X, ^) to be the Bernoulli action. The following preliminary 
result is proved: an isomorphism between crossed products sending one group algebra into 
the other, makes the Cartan subalgebras conjugate. The final aim is Theorem 19 . 1 1 b elow . 
which states that the actions are necessarily conjugate. 

Theorem 8.2 (Popa, ISO]). — Let G be an infinite group and, for fiQ non-atomic, G rv 
(X, /i) = Ylgeci-^o^ f^o) ' ^^'^ Bernoulli action. Let F be an infinite group that acts freely 
and weakly mixingly on the probability space {Y,ri). Write A = L°°{X) and B = L'^{Y). 
Let p be a projection in C{G) and 

e : B >iT ^p{A>^G)p 

a * -isomorphism. Suppose that 6{C(r)) C pC{G)p. Then, 

• there exists a partial isometry u E A ><i G satisfying u*u = p, e := uu* E A and 
ue{B)u* = eA; 

• the equality 9{C(T)) = pC{G)p holds. 

Later on. Proposition 18.11 and Theorem 18.21 are combined to prove that the actions of 
F and G are conjugate through a group isomorphism of F and G. The proof of Theorem 
18.21 certainly is the most technical and analytically subtle part of this talk. 

Notations 8.3. — We fix several notations used throughout the lemmas needed to prove 
Theorem 18.21 

• We fix an infinite group G and write Aq = L°°(Xq), {A,t) = ^^{Aq,tq) . For 

geG 

every finite subset K C G,we write Ak<^ '■= ^^{AqjTq). Write M = A xi G and 
denote by r the tracial state on M. 
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• We use 7] : M ^ L'^{M) to identify an element of the algebra M with its corre- 
sponding vector in the Hilbert space L?'{M). 

• For a finite subset K C G, we denote by Cj^ the orthogonal projection onto the 
closure of spa.n{ri{AK<:Ug) \ g E G} in L^{M) and we denote by pf^ the orthogonal 
projection onto the closure of spanlrj^Auk) \ k E G \ K} in L'^{M). 

• We do not write the isomorphism 6. We simply suppose that S x F = p{A x G)p 
in such a way that C(T) C pC{G)p. Of course, r is as well the trace on i? xi F, 
but non-normalized. 

• The elements of F are denoted by s,t and the action of F on 5 by (ps)ser- The 
elements of G are denoted by h and the action of G on A by {ag)g^G- 

• Denote by (z^s)ser the canonical unitaries generating C{V) and by {ug)g^G the 
canonical unitaries generating C{G). 

We first explain the idea of the proof of Theorem 18.21 Elements in the image of e^^ for 
K large are thought of as living far away space-wise, while elements in the image oi pf^ 
for K large are thought of as living far away group-wise. In order to show that B can 
be conjugated into A, one shows first that sufficiently many elements of B are not living 
far away group-wise. This suffices to construct a i?-y4-subbimodule of L'^{M) which is 
finitely generated as an A-module. To obtain elements of B that are not living far away 
group-wise, two lemmas are used: 

• if an element of B lives far away space-wise, it does not live far away group wise 
f Lemma l8.4|) : 

• if b E B and s„ ^ oo in F, the elements Ps„(6) are more and more living far away 
space-wise (Lemma |8.5j) . 

To pass from the approximate inequalities in Lemmas 18.41 18.51 to exact inequalities, the 
powerful technique of ultraproducts is applied. This allows to conjugate B into A at 
least on the level of the ultrapower algebra. But this is sufficient to return to earth and 
conjugate B into A. 

Lemma 8.4. — For every e > there exist finite subsets K,L G G such that 

WPKVixW < - eMx)\\ + e 

for all X E B with \\x\\ < 1. 

Proof. — We make the following claim. 
Claim. For every a G M with ||a|| < 1 and every e > 0, there exist K,L G G finite such 
that 

I (a ■ r]{x) ■ a*,pjir]{x))\ < 3||(1 - ei)r]{x)\\ + ||^z:(G)(a) Ih + e 
for all a; G M with ||x|| < L To deduce the lemma from this claim it is then sufficient 
to prove that B contains unitaries a with ||-E£(G)(ct)||2 arbitrary small and to use the 
commutativity of B in order to get a ■ ri[x) ■ a* = ri[x) for x G B. 



961-31 



To prove the claim, choose a G M with ||a|| < 1 and e > 0. By the Kaplansky 
density theorem, we may assume that a G span{AFoUg \ g ^ Fi} for some finite subsets 
Fq, Fi C G. We may assume as well that e E Fi. Put L = F^^Fq and K = LFq^. It is 
an excellent Bernoulli exercise to check that 

e^{a ■ = ei{Ec(G){a) ■ for ^ G Ime^, ei{^ ■ a) = (e^O • « for ^ e Imp^. 
Take x E M with ||x|| < 1. We obtain that 

(*) \{a-vix) ■a*,PKV{x))\ < \\ei{a ■ r]{x))\\ + - ei){{pKV{x)) ■ a)\\ . 

In (*), the second term equals 

\\{{^-eL)PKV{x))-a\\ < Ul - eMx)\\ . 
The first term of (*), is bounded by 

(**) Weda ■ {cLVixm + m - eL)v{x)\\ . 

In (**), the first term equals 

\\ei{Ec{G){a) ■ {eLvix)))\\ < l|i?£(G)(a) ■ (e^r/(x))|| 

<\\EciG){a)-vix)\\ + \\il-eiUx)\\ 
< \\EciG){a)h + Ul ~ eMx)\\ . 

We have shown that 

|(a ■ r]{x) ■ a\pjir]{x))\ < 3||(1 - eMx)}] + ||i?/:(G)(«)||2 

for all a; G M with ||a;|| < 1, which proves the claim. 

It remains to show that, for every e > 0, there exists a unitary u E B such that 
||-E£(g)(m)||2 < If not, it follows from Proposition IC.ll that there exists n > 1, a 
projection q E M„(C) ® C{G), a homomorphism 6 : B ^ g(M„(C) ® C{G))q and a non- 
zero partial isometry v E Mi^„(C) ®pM satisfying v*v < q and hv = v6{b) for all b E B. 
Using Theorem ID.4[ v*v E M„(C) ® jC^G) and we may assume that v*v = q. Then, 
v*Bv is a diffuse subalgebra of g(M„(C) ® C{G))q. Since the normalizer of B in pMp is 
the whole oi pMp, it follows from Theorem ID .41 that v*Mv C g(M„(C) ® C{G))q. Since 
v*Mv = g(M„(C) <S) M)q, this is a contradiction. □ 

Lemma 8.5. — For every b E B , e > and L G G finite, there exists K G T finite such 
that 

m ' eMPsibm < e 

for allsET\K. 

Proof. — We again make a claim. 
Claim. For every a E M with ||a|| < 1, L C G finite and e > 0, there exists Ki G G finite 
such that 

11(1 - ei)ri{vaw)\\ < e + \\{1-PkM^)\\ 
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for all v,w E C{G) with < 1. 

The lemma follows easily from the claim: given Ki G G finite and e > 0, we can take 
i^' C r finite such that ||(1 — Pki)v{^s)\\ < £ for all s G F \ K. It remains to observe that 
Ps{b) = Vshvl and e 'C(r) C C{G). 

To prove the claim, choose a G M with ||a|| < 1 and e > 0. By the Kaplansky density 
theorem, we may assume that a G s])axi{AFUg \ g E G} for some finite subset F C G. 
Given L G G finite, we put Ki = LF~^ and leave as an exercise to check that 

iPRiVi'^)) ■ (Q-^) ^ Imei for all v,w E C{G). 
The claim follows immediately. □ 

Lemma 8.6. — For every b e B, Ec(G){b) = ~^P- Hence, C{r) = pC{G)p. 

Proof. — We have to prove the following: if 6 G -B and r(6) = 0, then Ec{G){b) = 0. 
Take such a 6 G -B with r(6) = 0. Since F acts weakly mixingly on B, we take a sequence 
— cx) in r such that ps„ {h) ^ in the weak topology. 

Combining Lemmas 18.41 and 18. 5[ we find a finite subset K G G and uq such that 
\\PKV{Ps„{b))\\'^ < e for all n > hq. Denote by / the orthogonal projection of L^{M) onto 
the closure of r]{C{G)). Since / and pf^ commute, we find that |b/<^7(-E£(G)(Ps„(&))) |P < s 
for all n > no. On the other hand, Ec(G){.Psnip)) tends weakly to and belongs to C{G). 
Hence, 

when n ^ oo. We conclude that for n sufficiently large, ||-E'£(g)(Ps„(^))||2 — But, for 
every n, 

\\Ec{G){.PsAb))\\2 = \Ws„EciG){b)Usj2 = \\Ec(G){b)\\2 . 

It follows that ||i?£(G)(&)||2 < 25 for all e > 0, which proves that Ec(G)ib) = 0. 

Since pMp = i? x F and C{T) C pC{G)p, it suffices to apply Ec(^g) to obtain that 
pj:{G)p = CiT). □ 



Let us warm up the ultraproduct machinery to finish the proof of Theorem | 

Notations 8.7. — We introduce the following notations. 

• Let u; be a free ultrafilter on N and define the ultrapower algebra iVf^, containing 

as a maximal abelian subalgebra. Denote by C the tail algebra for the 
Bernoulli action, defined as 

FcG 
F finite 

Observe that A'^, as a subalgebra of M'^ is normalized by the unitaries {ug)g^G- 

• Denote by x G the von Neumann subalgebra of M"^ generated by A'^ and 
C{G). 
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• We define x ■= B'^ n p{A'^ x G)p. 
Lemmas 18.41 and 18.51 can be reinterpreted to yield elements of x- 

Lemma 8.8. — The following results hold. 

(1) A bounded sequence (bn) in B represents an element of x if and only if 

lim 11(1 — ei)ri{bn)\\ = for every finite subset L G G. 

(2) When s„ ^ oo m F and b E B, the sequence (ps„(&)) represents an element in x- 

(3) If a bounded sequence (bn) in B represents an element of x, then bn — Ti{bn)p tends 
to weakly. Here ti := t{-)/t{p) denotes the normalized trace onpMp. 

Proof. — ©If (o-n) G and g E G, clearly lim„,^(^ ||(1 — e^)?7(a„Ug)|| = 0. Hence, 
the same holds if we replace (anUg) by any element of x G. Conversely, let b G B'^ 
be represented by the bounded sequence in B such that (P) holds. For any finite 
K C G, define € M'^ by the sequence {J2g(^K ^A{KMl)ug) . Our assumption yields 
that zk e A'^ X G for all K. From Lemma lO it follows that \\zk - b\\2 ^ 0, if K G. 
Hence, b E A"^ xi G. 

(j21) This follows using Lemma [8.51 and statement (P). 

(jni) Using Lemma l8.fi| it suffices to check that 6„ — Ec{G){bn) tends to weakly. This 
is true for any in A'^ xi G. □ 

In the next lemma, x is shown to be sufficiently big. 

Lemma 8.9. — One has pW^p nx' = B'^- 

Proof. — We first claim that the action {ps)ser is 2-mixing (see Definition ID.6jl . We 
have to prove that for all a,b,c E B, 

\T{aps{b)pt{c)) - T{a)T{ps{b)pt{c))\ 

when s,t ^ oo. 

Suppose that the bounded sequence (dn) represents an element d E x- By (jH)) in Lemma 
18. 8| dn — Ti{dn)p ^ weakly and hence, 

\Ti{adn) - ri(a)ri(rf„)| 

for all a E B. Fix a,b,c E B and take sequences s„,t„ ^ oo in F. From © in Lemma 
18.81 we get that the sequences (ps„(&)) and (pt„(c)) represent elements of x- Since x is 
a von Neumann algebra, the sequence {ps^{b)pt,Xc)) represents an element of x as well. 
Applying the previous paragraph to this sequence, we have proved the claim. Combining 
the 2-mixing of the action (ps)sgr with Lemma fD.7[ we are done. □ 
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Proof of Theorem lS/A — We first claim there exists a non-zero a G p{M^, eA^)~^p H x' 
with r(a) < oo. As usual, r denotes the semi- finite trace on the basic construction 
(M'^,eA-), see Appendix El 

There exists a finite subset K G G such that 

lim ||M(6n)|| < I 

for all (bn) in the unit ball of x- Indeed, if not, write G as an increasing union of finite 
subsets Kn and choose bn & B with < 1, ||(1 — e^^)?7(6„)|| < 1/n and ||Pi^^''7(&n) || > 
1/2. This yields a contradiction with Lemma f8 .41 

Define the projection fx G {M'^,eA'^) as fx = S^ga- ''^g^^^'Ug- Clearly r^fK) < oo. 
Denote by a the (unique) element in the ultraweakly closed convex hull of {bfxb* \ b G 
By construction r(a) < oo and a G x'- To obtain the claim, we have to show that 
a 7^ 0. Whenever represents b G U{x)i "we have 

r{eA-bfKb*eA-) = lim || (1 - p^)r7(6„) f > 3/4 . 

Hence, ) 7^ and a ^ 0. This proves the claim stated in the beginning of the 

proof. 

It follows from Lemma lH^ and Theorem lC.3l that there exists a non-zero partial isometry 
V G M"^ satisfying v*v G B'^ , vv* G and vB^v* C A"^. Take partial isometrics f „ G M 
such that e„ := v*Vn G -B, fnfj^ G A and (f„) represents f . It follows that there exists n 
such that 

for all 6 G -B with < 1. Indeed, if not, we find a sequence of elements bn E B with 
\\bn\\ < 1 and WvnbnV^ — EA{vnbvl)\\2 > |||e„||2- Since {bn) defines an element in B"^ , 
taking the limit n ^ uj yields a contradiction. 

If we write / = fnf * G A, Ai := fA and Bi := VnBVn as subalgebras of fMf, we have, 
after normalization of the trace, \\b — EA-^{b)\\2 < | for all b E Bi with < 1. Hence, 
(jH) in Proposition ins is satisfied and an application of Theorem EiHl concludes the proof 
of Theorem lO □ 



9. STRONG RIGIDITY FOR VON NEUMANN ALGEBRAS 

Suppose that G acts on {A,t) by {ag)g^o and T on {B,t) by (ps)ser- A conjugation 
of both actions is a pair (A, 6) of isomorphisms A : B A, 6 : T G satisfying 
A(ps(6)) = (T5(s)(A(6)), for all 6 G 5 and s G F. Associated with the conjugation (A, 5) 
is of course the obvious isomorphism of crossed products : B xi T ^ A xi G. 

Whenever G acts on {A, r) and a : G ^ S*^ is a character, we have an obvious automor- 
phism 9a of the crossed product AxG defined as fixing pointwise A and Oa{ug) = a{g)ug. 
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Theorem 9.1 (Popa, [SO]) - — Let G he an ICC group acting andG r\ (X, /i) its Bernoulli 
action (with non-atomic base). Let T he a countable group that admits an almost normal 
infinite subgroup Fq such that (F, Fq) has the relative property (T). Suppose that F acts 
freely on the probability space {Y, rj). Let p be a projection in L°°{X) xi G and 

e : L'^iY) X F ^ pi.L'^i.X) x G)p 

a * -isomorphism. Then, p = 1 and there exist a unitary u G L°°{X) xi G, a conjugation 
(A, 6) of the actions through a group isomorphism 6 : T G and a character a on G 
such that 

9 = AduoOaO 9a,5 ■ 

Theorem 19.11 admits the following corollary stated in the introduction. 

Corollary 9.2. — Let G be a w-rigid group and denote by Mq := L°°{X) x G the 
crossed product of the Bernoulli action G r\ (X, /i) with non-atomic base. Then, for 
w-rigid ICC groups G and T , we have Mq = Mp if and only if G = T. Moreover, all Mq 
for G w-rigid ICC, have trivial fundamental group. 

The corollary is an immediate consequence of Theorem 18.21 and the orbit equivalence 
superrigidity Theorem 14.41 Indeed, let G and F be w-rigid ICC groups with Bernoulli 
actions on (X, /i) and {Y,r]), respectively. If p is a projection in L°^(X) x G and 6 : 
L°°{Y) X F — s> p{L°°{X) X G)p is a *-isomorphism, we have to prove that p = 1 and that 
F and G are isomorphic. Combining Proposition 18.11 and Theorem 18. 2[ we may assume 
that p E L°^{X) and 9{L°°{Y)) = L°°{X)p. Hence, 6 defines a stable orbit equivalence 
between T n^Y and G nv X. So, Theorem 14.41 allows to conclude. 

Refining the reasoning above. Theorem 19. II is proved. First, taking a further reduction, 
it is shown that we may assume that the action F rv F is weakly mixing. So, Proposition 
18.11 and Theorem 18.21 can be applied and yield a stable orbit equivalence of F r> F 
and G r\ X. Associated with this stable orbit equivalence is a cocycle. The unitary that 
conjugates C(T) into C{G) (its existence is the contents of Proposition IHTTj) is reinterpreted 
as making cohomologous this cocycle to a homomorphism into U{C{G)). Using the weak 
mixing property through an application of Lemmal^Hl the homomorphism can be assumed 
to take values in G itself. This yields the conjugacy of the actions. 

Proof of Theorem{n\ — Write A = L°°(X) and B = L°°(Y). Write M = A x G and 
identify through 6, B xi T = p{A x G)p. First applying Proposition 18. H we may assume 
that p e jC{G) and C{T) C pC{G)p. We claim that there exists a finite index subgroup 
Fi C F and a Fi-invariant projection pi E B {~\ C{G) such that the F-action on B is 
induced from the Fi-action on piB obtained by restriction, and such that the Fi-action 
on piB is weakly mixing. 

Whenever \^ C -B is a finite-dimensional F-invariant subspace, it follows from Theorem 
ID. 41 that V C pC{G)p. Also, Br\C{G) is a F-invariant von Neumann subalgebra of B. By 
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the ergodicity of the F-action on B, this invariant subalgebra is either diffuse or atomic. 
If it is diffuse and since it commutes with B, it would follow from Theorem ID .41 that 
B C pC{G)p and hence, pMp C pC{G)p, a contradiction. So, B fl C{G) is atomic, hence 
finite-dimensional, and it suffices to take a minimal projection pi G Br\C{G). This proves 
the claim. 

It now suffices to prove the theorem under the additional assumption that the action 
of r on S is weakly mixing. We apply Theorem 18.21 Conjugating again, we obtain 
the following situation: a projection q & A and a partial isometry f G M such that 
vv* = p E C{G), v*v = q and S x F = q{A x G)q in such a way that B = qA and 
VjC{r)v* = pC{G)p. The theorem follows from Proposition 19.31 below. □ 

In the proof of Theorem 19. H we used the following proposition. It is a weaker version 
of Theorem 5.2 in [SDl, but sufficient for our purposes. It also provides a generalization 
and simpler proof for the main result in [IH] by Neshveyev and St0rmer. 

Proposition 9.3 (Popa, [SU]). — Let G be an infinite group that acts freely and weakly 
mixingly on (X, fi) . Let P be an infinite group that acts freely on (Y, rj) . Write A = L°°(X) 
and B = L'^{Y). Suppose that q is a projection in A such that 

5 X P = g(A X G)q with B = qA . 

Suppose that there exists a partial isometry v E A>i G satisfying v*v = q, vv* = p E C{G) 
and vC{V)v* = pC{G)p. 

• If G has no finite normal subgroups, (? = 1 • 

• If q = 1, there exists w G U{C{G)) such that, writing v = wv, v normalizes 
B = A and vUgV* = a{s)us{s) for some a G Char(P) and some group isomorphism 
6:r^G. 

We write this rather pedantic formulation of the proposition, to cover at the same time 
its application in the proof of Theorem 19.11 (where G is ICC and hence, without finite 
normal subgroups) and the result of llHj (where G is an any abelian group, but q = I 
from the beginning). 

Proof. — We make use of the canonical embedding rj : A xi G ^ A^i^{G) of the 
crossed product into the Hilbert-W*-module A®i'^{G) given by ri{uga) = a (S> Sg-i for all 
g E G and a E A. Here (5g)geG is the canonical orthonormal basis of i'^{G). We identify 
Am^iG) = L°°(X,£2(G')) and we make act C{G) on f{G) on the left and the right: 
Ug^h = 5gh and 5hUg = 6hg- At the same time, we regard C{G) C (i'^{G). 

Denote S^G := x G that we identify in the obvious way with a closed subgroup of 
U{C{G)). We identified Y E X such that P acts on F, 5 = L°°(r), A = L°°(X) and 
q = xy- We have the orbit equivalence q{A xi G)q = B x T with B = qA. This yields a 
one-cocycle j : T x Y —>■ S^G given by 

ri{zh's){x) = ri{z){s * x) 7(3, x) 
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for all z G A X G and where we use s * x to denote the action of an element s G F on 
X G y. We claim that the partial isometry v makes 7 cohomologous to a homomorphism. 
Observe that Ec(G){vav*) = T{p)~^r{a)p for all a E B. Indeed, 

We first study the function w := T{pYl'^ri{v) G £^(6*)). Suppose that wo G C{G) 

is an essential value of this function. We find a decreasing sequence of non-zero pro- 
jections g„ in B such that ||T(p)^/^?7(f — ® "W^olloo 0, where we use the uni- 
form norm for functions in L°^(X, £^(G)). So, we have a sequence — such that 
||(r(]9)^/^f — WQ)qn\\2 < ^nlknlh, wherc we use the norm of L?'{M). In L^(M), we obtain 
that T{qn)^^\\T{j>)vqnV* —w^quWlWi 0. Applying Ec{g) it follows that — WoWqUi — > 
and hence WqWq = p. We have shown that for almost all ?/ G V , 

w{y) G C{G) and w{y)w{y)* = p . 

Since we can replace v by WqV, we may assume that p is an essential value of the function 
w. 

Define the homomorphism tt : F — > U{pC{G)p) : tt{s) = vUgV*. For every s G F, 
Ws = 7r(s)f . Applying 77, this yields, 

(2) w{s * x) 7(5, x) = 7r(s) w{x) for almost all x G F. 

If g = 1, Lemma f4.8l vields that 7r(s) G S^G for all s G F and w{x) G S^G for almost all 
X G X. The latter implies that v normalizes the Cartan subalgebra A = B. The former 
allows to define the group isomorphism 5 : F — G and the character a : F — >■ S*^ such 
that n{s) = a{s)6{s) for all s G F. So, we are done in the case q = I. 

It remains to show that p = 1 when G has no finite normal subgroups. The orbit 
equivalence allows as well for an inverse 1-cocycle: define W = {{g,x) E G x Y \ x E 
Y,g-x G Y}. We use the notation g ■ x to denote the action of an element (? G G on 
X G X. Then, the 1-cocycle fi : W S^T is well defined and related to 7 by the formula 

g = 7(/igroup(fl',a;),x) HscAg,x) 

for almost all {g,x) G W. Here we split up explicitly /i = /iscaiAf group- Plugging the 
previous equality into Q yields 

(3) w{g ■ x) Ug = iT{fi{g,x)) w{x) for almost all {g,x) G W. 

Since p is an essential value of the function w and since vr takes values in the unitaries 
of pC{G)p, arguing exactly as in the proof of Lemma lOl yields that for any g E G, pUg 
is arbitrary close to a unitary and hence, Ug and p commute for all g E G. So, p is a 
central projection in C{G) and it follows that w{x) G U{pC{G)p) for almost all x E Y. 
Conjugating equation Q with v*, implies that the cocycle fi : W ^ S^T is cohomologous, 
as a cocycle with values in W(£(F)), to the homomorphism g 1— > v*UgV. It follows from 
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Lemma (4.81 that v*UgV G S^T for all g & G. On S^T, the trace r takes the values and 
t{p)S^. Hence, for all (7 G G, we have 

T{ugp) = riugVV*) = T{v*Ugv) G {0} U S^t{p) . 

We also know that p is a central projection in C{G). It is an excellent exercice to deduce 
from all this that p is of the form Ylg(^K f^W'^k for some finite normal subgroup K G G 
and an Ad G-invariant character f3 G Chari^T. Hence, K = {e}, p = 1 and we are 
done. □ 



10. OUTER CONJUGACY OF VT-RIGID GROUP ACTIONS ON THE 
HYPERFINITE Hi FACTOR 

We discuss some of the results of Popa 32] on (cocycle) actions of w-rigid groups on 
the hyperfinite Hi factor. As explained in the introduction, the paper [52J is the precursor 
to all of Popa's papers on rigidity of Bernoulli actions. 

Definition 10.1. — A cocycle action of a countable group G on a von Neumann algebra 
N consists of automorphisms {<yg)geG of N and unitaries {ug^h)g,heG in N satisfying 

agah = {Adug^h)crgh , Ug^hUgh,k = o-g{uh,k) Ug^hk , cie = id and Me,e = 1 , 
for all g,h,k E G. 

A cocycle action (ag) ofG on N is said to be outer conjugate to a cocycle action (pg) of 
G on M if there exists an isomorphism A : N ^ M such that AcXgA"^ = pg mod InnM 
for all g E G. 

Note that a stronger notion of conjugacy exists, called cocycle conjugacy, where it is 
imposed that Aa^A^^ = {Adwg)pg, with unitaries (wg) making the 2-cocycles for cr and 
p cohomologous. In the case of an outer conjugacy between cocycle actions on a factor, 
the associated 2-cocycles are only made cohomologous up to a scalar-valued 2-cocycle. 

Cocycle actions on a Hi factor can be obtained by reducing an action by a projection. 
Let ((Tg) be an action of G on the Hi factor A^. Whenever p is a non-zero projection in A^, 
choose partial isometrics Wg E N such that WgW* = p and w*Wg = <Jg{p)- This is possible 
because (ag) preserves the trace and hence, p and cTg{p) are equivalent projections since 
they have the same trace. Define 

(4) e Aut{pNp) : a^{x) = Wgag{x)wl and Ug^h ^U{pNp) : Ug^h = Wgag{wh)w*gy^ . 

It is easily checked that (crp is a cocycle action of G on the Hi factor pNp and that its 
outer conjugacy class does not depend on the choice of Wg. 

Definition 10.2. — Let (cxg) be an action of the countable group G on the IIi factor 
N. Whenever t > 0, the cocycle action (cr*) of G on is defined by reducing the action 
(id C?) ag) of G on M„(C) ® N by a projection p with (Tr (g)r)(p) = t, as in (jlj). 
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The fundamental group J-'{cr) of the action a is defined as the group oft>0 such that 
(cr*) and (cr^) are outer conjugate. 

It is clear that J^(cr) is an outer conjugacy invariant for (cTg). The following theorem 
computes the fundamental group for Connes-St0rmer Bernoulli actions of w-rigid groups. 

Theorem 10.3 (Popa, [S^*). — Let (A^, v^) be an almost periodic von Neumann algebra 
and suppose that N := M"^ is a IIi factor. Suppose that the countable group G admits 
an infinite normal subgroup H with the relative property (T) and that {(Tg) is a malleable 
action of G on {Af, <f) whose restriction to H is weakly mixing. 

If we still denote by (a^) the restricted action of G on the IIi factor N, then J^(cr) = 
Sp(Ar,v9). 

Proof. — If s G Sp(A/', (y?), we take a non-zero partial isometry v E M which is an 
s-eigenvector for ip. Denote p = v*v and q = vv*. Then, Adf outer conjugates (a^) and 
{cTg). Since s = it follows that s E ^(o"). 

Conversely, suppose that s G ^(cr). We have to prove that s G Sp{Af,ip). We may 
clearly assume that < s < 1 and take a projection p E N and elements Wg E N such 
that ip{p) = s, WgWg = p and WgWg = (Jg{p) for all g E G and such that Pg{x) = Wgag{x)w* 
defines a genuine action of G on pNp that is conjugate to (cTg). We only retain that (pg) 
is a genuine action and that its restriction p\h is weakly mixing. 

Let (at) be the one-parameter group on A/"® A/" given by the malleability of {<Jg). As in 
the proof of Lemma 14. 9t the relative property (T) yields to = 1/n and a non-zero partial 
isometry a G (A/" ® N'Y®'^ such that aa* <p®l, a* a < at^{p I) and 

{wg ® l)(crg ® crg){a) = aato{wg 1) for all g E H . 

Weak mixing of on A/" and of p|h on pNp implies that aa* = p^l and a*a = atg{p^l). 
Taking b := aat^^a) ■ ■ ■ a(n-i)to{ci), we get a partial isometry b E {N ® NY®''' satisfying 
bb* = p ® I, b*b = I ® p and 

{wg®l){ag® ag){b) = b{l(^Wg) for all gEH. 

Continuing as in the proof of Lemma [4.91 Step (3), we obtain the following data: a non- 
zero partial isometry v E pA/'®Mi „(C) which is a 7-eigenvector for and satisfies v*v = 1 
as well as Wg{ag ® i(\){v) = v{l ® 0(g)) for all gEH, where 6 : G ^ lA{n) is a projective 
representation. The ergodicity of p\h yields vv* = p and hence, Adf conjugates the 
actions p\h and {pg ®Ad9{g))g(zH. Since 1 ® M„(C) is an invariant subspace of the latter, 
weak mixing of p|j^ imposes n = 1. Since vv* = p, v*v = 1 and f is a 7-eigenvector, we 
conclude that s = I/7 G Sp{Af,ip). □ 

In Sectional Connes-St0rmer Bernoulli actions were shown to be malleable and mixing. 
The following corollary is then clear. 
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Corollary 10.4. — Let G be a countable group that admits an infinite normal subgroup 
with the relative property (T). Let Tia be the faithful normal state on B(i7) given by 
TrA(a) = Tr(Aa) and define {Af,ip) = (^^gg(B(if), Tia), with Connes-St0rmer Bernoulli 
action G rv (A/", ip). Write TZ := A/""^ and denote by (cr^) the restricted action of G. Then, 
is the subgroup o/M^ generated by the ratios X/fi between X, fi in the point spectrum 

of A. 

In particular, G admits a continuous family of non outer conjugate actions on the 
hyperfinite IIi factor TZ . 

In Theorem 110.31 the following question was studied: when is the cocycle action (cr*) 
outer conjugate to (cXg)? Another natural question is: when is the cocycle action (cr*) 
outer conjugate to a genuine action. The following remark shows that (a*) is always 
outer conjugate to a genuine action when (cTg) is a Connes-St0rmer Bernoulli action on 
the centralizer of ^g(zG{B{H), (fo) for (fo non-tracial. On the other hand, for (fo the 
trace on M2(C) and t not an integer, (a*) is not outer conjugate to a genuine action, see 
Theorem 110.61 below. 

Remark 10.5. — Let (A/", if) be an almost periodic factor with := N''^ a type IIi factor 
and non-tracial (note that this implies that A/" is a factor of type IIIa with < A < 1). 
Suppose that the group G acts on (A/", ip) and denote by (o-g) the restriction of this action 
to A^. Then, for any t > 0, (cr*) is outer conjugate to a genuine action. 

For simplicity of notation, suppose t < 1 and let p G A^ be a projection with (p{p) = t. 
We can write a series t = X]n7« with 7„ G Sp(A/', (p). Write p = J2nPn some mutually 
orthogonal projections Pn in A^ with ip{pn) = 7n- Take partial isometrics Vn & M such 
that Vn is a 7„-eigenvector for ip and t'*f„ = 1, f„f * = Pn- Define for (7 G G, the element 
Wg E N a.s 

n 

It is easy to check that WgW*g = p, WgWg = (Jgip) for all (7 G G and Wg(7g{wh) = Wgh for 
all g,h E G. Writing cr^(x) = Wg(Tg{x)w* for x G pNp, it follows that (crp is a genuine 
action of G on pNp and a way to write (cr^. 

Theorem 10.6 (Popa, [S2])- — Suppose that the countable group G admits an infinite 
normal subgroup H with the relative property (T). Denote by (cg) the Bernoulli action 
of G onlZ = ®g<zG{M2{C),T) . Fort > 0, the cocycle action (a*) is outer conjugate to a 
genuine action if and only z/t G Nq. 

Observe moreover that it follows from Theorem 110.31 that . for different values of t > 0, 
the cocycle actions (a*) are mutually non outer conjugate. 

Proof. — Given (a*) outer conjugate to a genuine action (pg), we can start off in the 
same way as in the proof of 110. 3^ but we do not know anymore that p\h is weakly mixing 



961-41 



(or even, that p is ergodic). So, in order to make the passage from 'an intertwiner for Q;t„' 
to 'an intertwiner for ai\ we need the extra data of strong malleability, as in the proof 
of Lemma 14.91 But, the Connes-St0rmer Bernoulh action {ag) is not strongly malleable 
in the sense of Definition 13.11 in an obvious way. So, we need a more flexible notion, 
essentially replacing tensor products by graded tensor products, see Remark ll (J . 71 b elow . 

Let t > and suppose that (cr*) is outer conjugate to a genuine action. So, we can 
take k E N, a projection p E TZ ® Mfc(C) with (r Cg> Tr)(p) = t and partial isometrics 
Wg E IZ ® Mfc(C) such that WgW* = p, w*Wg = {ag (8> id)(p) and such that Pg{x) = 
Wg{ag ® id){x)w* defines an action of G on 7^* := p(Mfc(C) 7^)p. Let q < phe any non- 
zero projection in 7^* invariant under p\h- We shall prove that q dominates a non-zero 
projection go, invariant under p\h and with (r Tr)(g) G N. This of course proves that 
(r® Tr)(p) e N. 

Combining Remark 1 1 . 71 and the proof of Lemma^Hl we find a non-zero partial isometry 
V G 7?.®Mfc „(C) and a projective representation 9 : G ^ U{n) such that v*v = 1, vv* < q 
and such that Wg{ag&d){v) = v{1^9{g)) for all g E H. Putting go = vv* , we are done. □ 

Remark 10.7. — The Connes-St0rmer Bernoulli action {ag) of the group G on : = 
(8>3eGM2(C) satisfies the following form of strong malleability: the IIi factor is Z/2Z- 
graded, the action {ag) commutes with the grading and the graded tensor square N ®N is 
equipped with a one-parameter group of automorphisms {at) and a period 2 automorphism 
/3, all commuting with the grading and satisfying 

ai{x®l) = l®x, (3{x ®l) = x®l and I3atl3 = a-t for all x e N,t e M. 

To check that the Bernoulli action indeed admits such a graded strong malleability, it 
suffices to construct the grading and {at), (5 on the level of M2(C) and take the infinite 
product. 

More generally however, for any real Hilbert space H^, one considers the complexified 
Clifford *-algebra Cliff (ifig), generated by self-adjoint elements s(^), ^ G with relations 

= ||^||2 for all ieH^ and s(0 M-linear. 

The *-algebra Cliff (i^u) admits an obvious Z/2Z-grading such that the elements s{^) have 
odd degree. Also, Cliff (ifig) has a natural tracial state yielding the hyperfinite IIi factor 
after completion if is of infinite dimension. Clearly, any orthogonal representation on 
if]R extends to an action on Cl\S.{H^) preserving the grading. Finally, we have a canonical 
isomorphism Cliff (i^M © K^) = Cliff (17^) § Cliff (i^M)- 

If one notes that Cliff(M2) ^ M2(C), one defines at and /3 on Cliff(M2 © ^-^e 
formulas 
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The above procedure shows that also the so-called Bogolyuhov actions are strongly mal- 
leable in a graded way. 

Appendix A. THE BASIC CONSTRUCTION AND HILBERT MODULES 

Let (A/", if) be a von Neumann algebra with almost periodic faithful normal state 
and let B C M'^ be a von Neumann subalgebra of the centralizer algebra. A particularly 
interesting case, is the one where is a trace and where we consider an inclusion B C 
(A^, r). We briefly explain the so-called basic construction von Neumann algebra {M , cb), 
introduced in [021 12| and used extensively by Jones [SS] in his seminal work on subfactors. 
We refer to jHl EHl EH] for further reading and briefly explain what is needed in this talk. 

The basic construction {J\f, e^) is defined as the von Neumann subalgebra of B(L^(A/')) 
generated by J\f and the orthogonal projection of L'^{N) onto L'^{B) C L'^{Af). It can 
be checked that (A/", e^) consists of those operators T G B(L^(A/')) that commute with 
the right module action of B: T{^b) = T{^)b for all ^ G L'^{J\f) and b E B. 

The basic construction (A/", e^) comes equipped with a canonical normal semi-finite 
faithful weight (p satisfying 

(p{xeBy) = ^p{xy) for all x,y E J\f. 

If is a tracial state, ^ is a semi-finite trace. 

Let {B, r) be a finite von Neumann algebra with faithful tracial state r. Whenever K 
is a right i?-module, the commutant B' of i? on is a semi-finite von Neumann algebra 
that admits a canonical semi-finite trace r', characterized by the formula 

r'(TT*) = r(T*T) whenever T : L?{B) K is bounded and right i?-linear. 

Observe that for every bounded right i?-linear map T : L'^{B) K, the element TT* 
belongs to B' and T*T belongs to B, acting on the left on L^{B). 

When i? is a factor, one defines dim5(i^) := r'(l) and calls dim5(i^) the coupling 
constant. It is a complete invariant for countably generated -B-modules, which means the 
following: if dimB{K) = +00, K is isomorphic to £^(N) (8) L^{B) as a right -B-module 
and if dimB{K) = t and p G M„(C) ® -B is a projection with (Tr(8)r)(p) = t, then K is 
isomorphic with pL'^{B)®^ as a right i?-module. 

When {B, r) is an arbitrary finite von Neumann algebra with faithful tracial state r, 
the situation is slightly more complicated. If Ez denotes the center valued trace, i.e. 
the unique r-preserving conditional expectation Ez '■ B Z{B) of B onto the center 
of B, we know that Ez{xy) = Ez{yx) for all x,y E B and that p ^ q if and only if 
Ez{p) < Ez{q) whenever p and q are projections in B. Moreover, whenever the Hilbert 
space is a right i?-module and r a faithful tracial state on B, we denote by B' the 
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commutant of 5 on as above and construct a normal, semi-finite positive linear map 

E'2 '■ {B')^ —>■ { positive elements affiliated with Z{B) } 

satisfying E'2^{x*x) = -E'^(xx*) for all x and such that 

E'2{TT*) = Ez{T*T) whenever T : L^{B) ^ K is bounded and right 5-linear. 

The positive affiliated element E'^ll) of Z{B) provides a complete invariant for countably 
generated right -B-modules. First note that the -B-module K is finitely generated, i.e. of 
the form pL'^{B)®"' for some projection p G M„(C) ® B, if and only if -E^(l) is bounded. 
In that case E'^il) = (Tr®E^)(p). 

Note that r' = ToE'2^. So, if r'(l) < 00, it follows that E'^i^l) is not necessarily bounded, 
but r-integrable. This implies that E'2{l)z is bounded for projections z G Z{B) with trace 
arbitrary close to 1. So, we have shown the following lemma. 

Lemma A.l. — Let K he a right B-module and r a normal faithful tracial state on 
B. Denote by t' the canonical semi-finite trace on the commutant B' of B on K . If 
r'(l) < 00, there exists for any e > a central projection z G Z{B) with t{z) > 1 — e 
and such that the B-module Kz is finitely generated, i.e. of the form pL'^{B)®^ for some 
projection p G M„(C) (g) B. 

Returning to the basic construction for the inclusion B C A/", with B C Af'^, we observe 
that the restriction of ip defines a tracial state on B and that (A/", e^) is the commutant 
of B on L'^{J\f). Using the previous paragraph, {Af, cb) comes equipped with a canonical 
semi- finite trace y?'. If is tracial on A/", it is easily checked that (p = ip' . If is no longer 
a trace, but an almost periodic state, we denote by p^ the orthogonal projection of L?'{M) 
on the 7-eigenvectors for Lp. Note that p^ belongs to (A/", cb) because B C N'^ . It is easy 
to check that 

^(^) = 5Z '^{P^xp^) and ip'{x) = 7"V(P7^P7) 

7eSp(A/',i/p) 7eSp(A/',</3) 

for all X G (A/", e^)^. In particular, (p is tracial and a multiple of (/?' on p^(A/', e^)/)^, for 
all 7 G Sp(A/', v?). 

Appendix B. RELATIVE PROPERTY (T) AND IIi FACTORS 

A countable group G has Kazhdan's property (T) if every unitary representation of G 
that admits a sequence of almost invariant unit vectors, admits a non-zero G-invariant 
vector. More generally, a pair (G, H) consisting of a countable group G with subgroup 
H is said to have the relative property (T) of Kazhdan-Margulis fSJ QHl (HHl EH]; if every 
unitary representation of G that admits a sequence of almost invariant unit vectors, admits 
a non-zero if-invariant vector. The main example is the pair (SL(2, Z) k Z^, W?). 
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A countable group G is said to be amenable if the regular representation on f'{G) admits 
a sequence of almost invariant unit vectors. Hence, an amenable property (T) group is 
finite and an amenable group does not have an infinite subgroup with the relative property 
(T). 

Below, we need the following alternative characterization of relative property (T) due 
to Jolissaint (see Theorem 1.2(a3) in ISO])- The pair {G,H) has the relative property (T) 
if and only if every unitary representation of G admitting a sequence of almost invariant 
unit vectors, admits a non-zero if-invariant finite dimensional subspace. 

The notion of property (T) has been defined for IIi factors by Connes and Jones |ITTj . 
Unitary representations of groups are replaced by himodules {Cannes' correspondences, 
see jni EHj). Popa [SHI defined the relative property (T) for an inclusion of finite von 
Neumann algebras Q <Z P and we explain it in this appendix. 

A P-P bimodule is a Hilbert space H with a left and a right (normal, unital) action of 
P. We write x^, resp. for the left, resp. right action of P on H. 

Terminology B.l. — Let (P, r) be a von Neumann algebra with a faithful normal tracial 
state r. If is a P-P-bimodule and (^„) a sequence of unit vectors in we say that 

• (^„) is almost central if \\X^n — ^nx\\ for all x G P; 

• (^„) is almost tracial if -^n) ~ t|| ^ and ~ t|| 0. 

A vector ^ is said to be Q-central for some von Neumann subalgebra Q C P if = 
for all X G Q. 

Definition B.2 (Popa, jHS])- — Let {P,t) be a von Neumann algebra with a faithful 
normal tracial state r. The inclusion Q G P is said to have the relative property (T) if 
any P-P bimodule that admits a sequence of almost central almost tracial unit vectors, 
admits a sequence of almost tracial Q-central unit vectors. 

Remark B.3. — One might wonder why almost traciality is assumed in the definition 
of relative property (T). In applications (as the ones Popa's work), it is crucial that an 
inclusion Q G P with the relative property (T) remains relative (T) when cutting down 
with a projection of Q (see Proposition IB. 6|) . Now look at the following example: we take 
a III factor P, two von Neumann subalgebras Qi, (^2 C P and we consider the inclusion of 
Qi®Q2 C M2(C) (8> P. If one would define naively the relative property (T) by imposing 
that any P-P bimodule admitting almost central vectors, admits a non-zero Q-central 
vector, then the inclusion Qi Q) Q2 C M2(C) P would have the relative property (T) 
if one of the inclusions Qi G P, Q2 C P has the relative property (T). And hence. 
Proposition IB. 61 would not hold. 

Remark B.4. — A finite von Neumann algebra (P, r) with faithful normal tracial state r 
is said to be infective (or amenable) if the coarse Hilbert P-P-bimodule L?'{P) ® L^{P) 
defined by a ■ C, ■ b = {a® 1)'C(1 ® b) contains a sequence of almost central almost tracial 
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vectors. It is then clear that an injective (P, r) does not contain a diffuse subalgebra 
Q G P with the relative property (T). More generally, if Q C P is diffuse with the 
relative property (T), there is no non-zero normal homomorphism from P to an injective 
finite von Neumann algebra. 

A lot can be said about relative property (T) in the setting of von Neumann algebras, 
see the papers of Peterson and Popa |17|inS|- In this talk, only two easy results are shown, 
which suffices for the applications in the rest of the talk. 

Proposition B.5. — Let G be a countable group with subgroup H . Then, {G, H) has the 
relative property (T) if and only if the inclusion C{H) C C{G) has the relative property 
(T) in the sense of Definition \B. ^ 

Proof. — First suppose that {G,H) has the relative property (T). Let K be an C{G)- 
/^(G)-bimodule with an almost central almost r-tracial sequence of unit vectors for 
some faithful normal tracial state r on C{G). Define the representation 7r((yf)^ = Ug^u*g of 
G on K. Choose e > 0. Using the stronger version of relative property (T), we can take 
a 7r(if)-invariant unit vector ^ and n G N such that 

ll^-^n||<|, ||(^n,-e«) -r|| < I , II -^11 < I • 

Since a 7r(i^)-invariant vector is £(i/)-central, we have found an £(if)-central unit vector 
^ satisfying 

||(e,-0-r|| <e, ||(e,^.)-r|| <£. 

It follows that K admits a sequence of almost tracial £(if)-central vectors. 

Conversely, suppose that the inclusion C{H) C C{G) has the relative property (T) in 
the sense of Definition IB. 21 Let tt : G ^ U{Kq) be a unitary representation of G that 
admits a sequence (^„) of almost invariant unit vectors. As stated above, it is sufficient 
to prove that Kq admits a non-zero finite-dimensional 7r(if)-invariant subspace. Define 
K = I'^iG) ® Kq, which we turn into an C{G)-C{G)-himod\i\e by the formulas 

Ug- {5h®i) = 5gh®'K{g)i and {5h® ■ Ug = 5hg ® i 

for all g, h E G, C, € Kq. It is clear that {6e ® ^n) is a sequence of almost central almost 
tracial unit vectors. So, K admits a non-zero £(i/)-central vector /i. Considering /i as an 
element in i'^{G,KQ), we get that n{hgh~^) = 'K{h)^{g) for all /i G i/, (? G G. Take g G G 
such that fi{g) ^ 0. Since G JCq), we conclude that {hgh^^ \ h G H} is finite. 

But then, the linear span of {fi{hgh~^) \ h G H} is a finite-dimensional 7r(if)-invariant 
subspace of Kq. □ 

Proposition B.6. — Let P be a IIi factor and Q a P an inclusion having the relative 
property (T). If p E Q is a non-zero projection, pQp C pPp has the relative property (T). 
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Proof. — Write Qi = pQp and Pi = pPp. Since P is a IIi factor, we can take partial 
isometries vi, . . . ,Vk E P satisfying vi = p, v*Vi < p and Yli=i'^i'^i = 1- Let Ki be a 
Pi-Pi-bimodule admitting the almost central almost tracial sequence of unit vectors 
Define K as the induced P-P-bimodule: put a scalar product on Pp Ki pP by the formula 

{xC,y*, afib*) = {x*a)n{h*y)) for all x, y,a,b E Pp, ^, /i G i^i . 

Up to normalization, the sequence Yl^=i '^i^nV* is almost central almost tracial in the P- 
P-bimodule K. Hence, K admits an almost tracial sequence (/i^) of Q-central vectors. 
Up to normalization, = (yUnP) defines an almost tracial sequence of pQp-central 

vectors in i^'i. □ 

The above proposition remains valid when (P, r) is just von Neumann algebra with 
faithul tracial state r, but the proof becomes slightly more involved. 



Appendix C. INTERTWINING SUBALGEBRAS USING BIMODULES 

The fundamental problem in the whole of this talk is to decide when two von Neumann 
subalgebras P, P C M can be conjugated one into the other: uPu* C B for some u G 
U{M). The usage of the basic construction in this respect goes back to Christensen 
who used it to study conjugacy of uniformly close subalgebras. A major innovation came 
with the work of Popa jlHl ESI, who managed to prove conjugacy results for arbitrary 
subalgebras, still using the basic construction. 

Roughly, Proposition ICll below says the following. Let P, P C M be von Neumann 
subalgebras of a finite von Neumann algebra (M, r). Then, the following are equivalent. 

• A corner of P can be conjugated into a corner of B. 

• L'^{M) contains a non-zero P-P-subbimodule which is finitely generated as a B- 
module. 

• The basic construction (M, e^) contains a positive element a, commuting with 
P and satisfying < r(a) < +oo, where r is the canonical semi-finite trace on 
(M,eB). 

The relation between the second and the third condition is clear: the orthogonal projection 
Pk onto a P-P-subbimodule K of L'^{M) belongs to {MjCb) H P' and t{pk) < oo is 
essentially equivalent to K being a finitely generated P-module. 
We reproduce from jJHl ES] two results needed in this talk. 

Proposition C.l (Popa, [1313^1). — Let {M,ip) be a von Neumann algebra with an 
almost periodic faithful normal state (p. Let P, P C M'^ be von Neumann subalgebras. 
Then, the following statements are equivalent. 
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(1) There exists n > 1, 7 > 0, G Mi^„(C) (g> M., a projection p G M„(C) ® B and a 
homomorphism 6 : P ^ p(Mn{C) ®B)p such that v is a non-zero partial isometry 
which is a 'y- eigenvector for if, v*v < p and 

XV = v6{x) for all x G P . 

(2) There exists a non-zero element w E A4 such that Pw C Yl^=i '^kB for some 
finite family Wk in A4. 

(3) There exists a non-zero element a G {Ai,eB)^ C\P' with (p{a) < 00. Here {Ai,eB) 
denotes the basic construction for the inclusion B d M., with its canonical almost 
periodic semi-finite weight (p. 

(4) There is no sequence of unitaries {un) in P such that \\EB{aUnb)\\2 for all 
a,b e M. 

Of course, if one wants to deal as well with the non-separable case, one should take a 
net instead of a sequence in statement (jD). 

Proof. — O ^ (l2l)- Taking a non-zero component of v, this is trivial. 

(0) =^ ©• Since P and B are in the centralizer algebra Ai'^ and if is almost periodic, we 
can assume that w, Wi, . . . ,Wn are all 7-eigenvectors for ip. Note that, whenever w E A4 
is a 7-eigenvector, the projection of L'^{Ai) onto the closure of wB yields a projection 
/ G {M-^es) and / is the range projection of wcbw*. It follows that (p{f) < 7. In the 
same way, the projection onto the closure of Ylt=i'^kB has finite ^-weight. Hence, the 
projection / onto the closure of PwB in L^(A^) satisfies the requirements in Q. 

© ^ CQ)- If denotes the orthogonal projection of L'^{M.) onto the 7-spectral sub- 
space of V9, we know that (p{a) = J^-y viv-y'^V-y) ^"^^ we can replace a by p^ap^ 7^ 0. 
Taking a spectral projection of the form X[s.+oo[{0') , we obtain an orthogonal projection 
/ G {A4,eB)^ n P' with (p{f) < 00 and the range of / contained in the 7-spectral sub- 
space of if. Hence, the range of / is a non-zero P-i?-sub-bimodule of L^(A^)^ with finite 
trace over B. Cutting down by a central projection of B (see Lemma lA.l|) . we get a 
P-P-sub-bimodule H C L^(A^)^ which is finitely generated over B. Hence, we can take 
n > 1, a projection p G M„(C) ® B and a P-module isomorphism 

^ : pL^Bf" H . 

Since if is a P-module, we get a homomorphism 6 : P ^ p(M„(C) (8> B)p satisfying 
xtp{^) = ij{9{x)^) for all X G P and ^ e H. Define G L^B)®"" as = (0, . . . , 1, . . . , 0) 
and C, G Mi .„(C) ® H as = ipipci). The polar decomposition of the vector ^ yields 
an isometry v G Mi „,(C) ® M. belonging to the 7-spectral subspace for ip. A direct 
computation shows that xv = v6{x) for all x G P, as well as v*v < p. 

© ^ ©• Suppose that we have all the data of ©. If (m„) is a sequence of unitaries in 
P such that \\EB{aUnb)\\2 for all a, 6 G A^, it follows that ||(id(g) EB){v*Unv)\\2 
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when n^oo. But, \\{id® EB){v*Unv)\\2 = \\iid0 EB)iv*v)e{un)\\2 = \\{id® EB)iv*v)\\2. 
We conclude that f = 0, a contradiction. 

^ ©• By (jH), we can take e > and K C ^A finite such that for all unitaries 
u & P, maXa^bfzK ||-E'B(a'u6)||2 > e. Define the element c = J^beK^^sb* in {A4,eB)~^- Note 
that (p{c) < oo. Let d G {Ai,eB)~^ be the element of minimal L^-norm (with respect to 
1^) in the L^-closed convex hull of {ucu* \ u G U{P)}. By uniqueness of the element of 
minimal L^-norm, it follows that d G {M-^Cb)^ H P' and by construction (p{d) < oo. It 
remains to show that 7^ 0. But, for all u G 1^{P), we have 



Lemma C.2. — Let M be a finite von Neumann algebra and B C M a maximal abelian 
subalgebra. 

• If q E M is an abelian projection, there exists v E M satisfying v*v = q and 
vMv* C B. 

• If M is of finite type I and Pq G M an abelian von Neumann subalgebra, there 
exists a unitary u G M such that uPqu* C B. 

Proof. — We do not provide a full proof of this classical lemma: see paragraph 6.4 in 
P3] for the necessary background. The following indications shall allow the reader to fill 
in the proof. 

For the first statement, it suffices to find a projection in B which is equivalent with q, 
i.e. f G M with v*v = q and vv* G B. Since B is maximal abelian, we have vMv* C B. 

For the second statement: since M is of finite type I and L°°(X) = i? C M is maximal 
abelian, the partial isometrics in M normalizing B induce an equivalence relation with 
finite orbits on X. Taking a fundamental domain for this equivalence relation, we can 
easily conclude. Of course, a proper proof can be given in operator algebraic terms: if 
M is of type In and B G M maximal abelian, we can write 1 as the sum of n equivalent 
abelian projections contained in B. Embedding Pq G P G M with P maximal abelian, 
we can do the same with P and then, P and B are unitary conjugate. □ 

Theorem C.3 (Popa, [23) • — Let {M,t) be a finite von Neumann algebra and Po,B G 
M abelian subalgebras. Suppose that B is maximal abelian and P := M (1 Pq abelian 
(hence, maximal abelian). The following statements are equivalent. 

(1) There exists a non-zero v G M such that Pqv G Ylt=i '^kB for some finite set of 
elements (vk) in B. 

(2) There exists a non-zero a G {M.cb)^ H Pq satisfying r{a) < 00. Here {M.cb) 
denotes the basic construction for the inclusion B G M and r is the canonical 
semi- finite trace on it. 




It follows that J2aeK '?i^B(ida*eB) > and 7^ 0. 



□ 
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(3) There exists a non-zero partial isometry v ^ M such that v*v & P, p := vv* G B 
and vPv* = Bp. 

If moreover M is a factor and P and B are Cartan subalgebras, a fourth statement is 
equivalent: 

(4) There exists a unitary u & M such that uPu* = B. 

Proof. — Given Proposition lC.il it suffices to prove that (j21) implies Q as well as (0)) 
under the additional assumption that M is factorial and P and D are Cartan. 

Using Proposition lC.il we take n > 1, a projection p G M„(C) ^ B, a. non-zero partial 
isometry w G Mi „(C) ® M and a homomorphism 6 : Pq p{M„ {C) ® B)p such that 
xw = w6{x) for all x G Pq. We can replace p by an equivalent projection in M„(C) ® B 
and take p = diag(pi, . . . ,p„). Then, diag(pi-B, . . . ,PnB) is a maximal abelian subalgebra 
of the finite type I algebra p(M„(C) ® B)p. Since Pq is abelian, Lemma 1(121 allows to 
suppose that 0{Po) C diag(pii?, . . . ,PnB). Hence, we can cut down 9 and w by one of the 
projections (0, . . . . . . , 0) and suppose from the beginning that n = 1. 

Write q := w*w, e := ww* G P and A := pMp fl O^Pq)'. Then, q E A and qAq = 
w*{eMe n {Pe)')w = w*Pw, which is abelian. Since A is finite and pB C A maximal 
abelian. Lemma fC.2l gives u & A satisfying uu* = q and u*Au C pB. Writing v = u*w*, 
we have vPv* C B and v*v = e. Write / := vv* G B. Hence, eP C v*Bv C eMe. Since 
v*Bv is abelian, it follows that eP = v*Bv and so, vPv* = fB. 

Assume now that M is a factor and that P,BgM are Cartan subalgebras. Whenever 
Ml is a unitary in M normalizing P and U2 is a unitary in M normalizing B, U2VU1 moves 
as well a corner of P into a corner of -B. A maximality argument yields (^. □ 

Appendix D. SOME RESULTS ON (WEAKLY) MIXING ACTIONS 

An action of a countable group G on [A, if) is said to be ergodic if the scalars are 
the only G-invariant elements of A. Equivalently, the multiples of 1 are the only G- 
invariant vectors in L'^{A,(p). Stronger notions of ergodicity are the mixing and weak 
mixing properties. 

Definition D.l. — An action of a countable group G on {A,(p) is said to be 

• mixing if for every a,b & A, ip{aag{b)) ip{a)ip{b) when g ^ 00; 

• weakly mixing if for every ai, . . . , a„ & A and e > 0, there exists g & G such that 
\ip{aiag{aj)) - ip{ai)ip{aj)\ < e for all i,j = l,...,n. 

For the convenience of the reader, we prove the following classical equivalent charac- 
terizations for weakly mixing actions. 

Proposition D.2. — Let a countable group G act on the finite von Neumann algebra 
{A,r) by automorphisms {<7g). Then, the following statements are equivalent. 
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(1) The action (ag) is weakly mixing. 

(2) For every ai,...,ak G A with T{ai) = 0, there exists a sequence Qn ^ oo in G 
such that o"g„(aj) —>■ weakly for all i = 1, . . . ,k. 

(3) CI is the only finite- dimensional invariant subspace of L'^{A). 

(4) CI is the only finite- dimensional invariant subspace of A. 

(5) For every action (ag) of G on a finite von Neumann algebra (M, t), (Acg'M)"'®" = 
1 ® M". 

(6) The diagonal action of G on A® A is ergodic. 

Proof. — The implications (III)^(j2I)^((ni)^(|ll),as well as (0) ^ (0), being obvious, 
we prove two implications below. 

O ^ ®- Suppose that X E {A ® My®'^ . Denote by rj the canonical embeddings 
M L^{M) and A L^{A). Define the Hilbert-Schmidt operator T : U(M) L'^{A) : 
T^ = ?7((id (g) Note that the image of T is contained in r]{A) and that TT* 

commutes with the unitary representation (tt^) on L'^{A) given by Hgrj^a) = rj{ag{a)). 
Moreover, TT* is trace-class. Taking a spectral projection, we find a G-invariant finite- 
dimensional subspace of A. By (j3]), the image of T is included in Cr7(l), which means 
that X e 1 ® M". 

© ^ (HI)- Suppose that {ag) is not weakly mixing. We find e > and with 
r(aj) = and YMj=i ^('^i'^sl'^i))^ > ^ for every g E G. Define the vector ^ = X]r=i '^i^'^i 
in L'^{A (8) A). Let be the element of minimal norm in the closed convex hull of 
{(TTg (g) ng)C, I g G G}. Since for any g E G, 

n 

(e, (vr, ® vr,)(0) = 5^ |r(a*ag(a,))|2 > e 

we conclude that ^ 0. Moreover, by the uniqueness of we get that is (tt^ ® Hg)- 
invariant. By construction is orthogonal to 1 and we have obtained a contradiction 
with (P. □ 

Lemma D.3. — Let {Ai,(p) be an almost periodic von Neumann algebra and P G B G 
Ai'^ von Neumann subalgebras of the centralizer algebra Ai'^ . Suppose that there exists a 
sequence of unitaries in P such that 

\\EB{aUnb)\\2 whenever a,bGKeTEB, 

where Eb : Ai —>■ B is the ip-preserving conditional expectation. If x G M. is such that 
Px G X]fc=i ^kB for a finite family of elements Xk G Ai, then x G B. 

More generally, any P-B-sub-bimodule of L'^{Ai) that is of finite trace as a B-module, 
is contained in L'^{B). 

Proof. — Let Hq G L^{Ai) be a P-i?-sub-bimodule that is of finite trace as a 5- module. 
We may assume that Hq is contained in the 7-eigenspace for and that Hq is orthogonal 
to L^{B). We have to prove that Hq = 0. Suppose the contrary. As in Proposition 1(1 If 
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we find n > 1, a non-zero partial isometry v G Mi^„(C) ®M.^ a projection p G M„(C) ®B 
and a homomorphism 6 : P ^ ]9(M„(C) ®-B)p such that av = v6{a) for all a & P, v*v < p 
and {id ^Eb){v) = 0. 

Using the L^-norm with respect to the functional Tr®v? on M„(C) ® Ai, we have 
II (id EB){v*Unv)\\2 when n oo. On the other hand, v*UnV = 9{un)v*v, implying 
that \\ {id ®EB){v*UnV)\\ 2 = \\{id®EB){v*v)\\2. We conclude that v*v = 0, a contradiction. 

□ 

Theorem D.4 (Popa, [IH])- — Suppose that G acts mixingly on an almost periodic (A/", if) 
and write M. = M yiG. Let p G M„(C) ®C{G) a projection with (non-normalized) trace t 
and write C{GY = p(M„,(C) ® C{G))p, M' = p(M„(C) ® M)p. If P C C{Gy is a diffuse 
von Neumann subalgebra, any P-C{Gy-sub-bimodule of L'^{M.^) that is of finite trace as 
an C{Gy -module, is contained in L'^{C{Gy) . 

So, under the conditions of Theorem ID .41 if a; G A^* such that 

n 

Px c Y,^kjC{Gy 

k=l 

for a finite family Xk G A^*, then x G C{Gy. 

Proof. — We claim that whenever (x„) is a bounded sequence in C{G) that weakly 
tends to 0, 

\\Ec(G){aXnb)\\2 

when n ^ oo, for all a,b E Ker(_E£(c<)). Here Ec{g) '■ -M. £^{G) is the yj-preserving 
conditional expectation. It suffices to prove the claim when a,b E M with ^{a) = ip{b) = 0. 
Writing x„ = Y.geG ^n{g)ug, we have 

\\Ec{G){aXnb)\\l = X] M9)^{aag{b))\'^ . 

g&G 

Take C > such that ||a;„|| < G for all n. Choose e > 0. Since {cg) is a mixing action, take 
K G G finite such that \(f{aag{b))\'^ < e/{2G'^) for all G G\K. Since x„ tends weakly to 
0, Xn{g) for every g. Hence, take riQ such that for n > uq, J2geK \^n{g)f{(icrg{b))\'^ < 
e/2. Since J2g \^n{g)\'^ < G"^ for all n, we obtain that \\Ec{G){(^Xnb)\\2 < £ for all n > uq, 
which proves the claim. 

It is then clear that any sequence of unitaries in P tending weakly to satisfies 
the conditions of Lemma It). 31 with B = C{Gy and M = M*. □ 

Proposition D.5 (Popa, [IH])- — Suppose that G acts mixingly on the almost periodic 
(A/", v?) and arbitrarily on the almost periodic {A,tp). Consider the diagonal action on 
A^Af. Write M = xi G and M = {A® Af)^'^^ x G. Let P C M be a diffuse 
subalgebra such that there is no non-zero homomorphism from P to an amplification of 
A'f'. IfxeM and Px C ELi^fcM, we have x G M. 
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Proof. — Write A = A^. It follows from Proposition l( " . II that there exists a sequence of 
unitaries in P such that \\EA{unUg)\\2 for all g E G. Let E : {A®N')yiG ^ A^iG 
be the unique state-preserving conditional expectation. By Lemma FD-Sl it suffices to check 
that ||£^(aMn6)||2 — > for all a, 6 G Ker It moreover suffices to check this last statement 
for a,b E Af with ip{a) = (p{h) = 0. Writing = Un{g)ug with u„{g) G A, we have 

\\E{au^b)\\l = J2\^i(^^9m' hn{9)\\l ■ 

9<^G 

We conclude the proof in exactly the same way as the proof of Theorem ID .41 □ 



Finally, the notion of a 2-mixing action is introduced. Definition ID. II of a mixing action 
comes down to the notion of a 1-mixing action. 

Definition D.6. — An action of a countable group G on {A,ip) is said to be 2-mixing 
if 

ip{aag{b)ah{c)) — Lp{a)ip{b)Lp{c) when g, h, g^^h — > oo. 
Note that any 2-mixing action is mixing and satisfies 

\ip{aag{b)ahic)) - ip{a)Lp{ag{b)ahic))\ when g,h ^ oo. 
Conversely, this last statement characterizes 2-mixing actions. 

Lemma D.7. — Let {a'g)g^G be a free 2-mixing action of a countable group G on (X, /x). 
Write A = L°°{X,fi). For every e > 0, there exists a finite partition of 1 in A given by 
1 = qi + ■ ■ ■ + Qn with Qi projections in A and satisfying 

2 



(5) lim sup q-g {qk)xag {qk 



k=l 



^<e\\x\\l 



for all X E Ay\ G with Ea{x) = 0. 

Proof. — Choose e > 0. Combining freeness and the mixing property, we take a finite 
partition of 1 in A given by 1 = gi + ■ ■ ■ + g„ with projections in A and satisfying 

n 

^'r{qk(^g{qk)) < e 

k=l 

for all g ^ e. We claim that (0) holds for all x G A x G with E^ix) =0. It is sufficient 
to check this for x = X]/igf ^h^h for some finite subset F C G not containing e. Then, 

||^cTg(gfe)x(Tg(gfc) = T{alahag{qk)(Thg{qk)) ■ 

k=l heF,k=l 

When g oo, the right hand side is arbitrary close to 

n n 

^ T{alah)T{ag{qk)ahg{qk)) = ^ r{alah)T{qkag-ihgiqk)) < £\\xf . 

h€F,k=l heF,k=l 

So, we are done. □ 
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